DIFFERENTIAL EQUATIONS CONTAINING ARBITRARY 
FUNCTIONS* 
GILBERT AMES BLISS 


A recent study of the problem of computing differential corrections for a 
trajectory has led the writer to the present investigation of the properties of 
solutions of differential equations considered as functions of other arbitrary 
functions which enter into the differential equations themselves. In ballisties 
it is customary to compute first the coérdinates of a trajectory, uninfluenced 
by wind or other disturbances, as solutions of the differential equations of 
motion. A new system of differential equations is then set up which accounts 
for the disturbances of the trajectory, and with the help of which corrections 
to the codrdinates of the projectile on the original trajectory can be computed. 
The new equations involve arbitrary functions and the corrections found are 
themselves functions of these functions. The details of this situation will be 
described in another paper. In the following pages the results attained are 
of a more general character than is necessary for the ballistic problem, and 
it seems probable that they will be useful in many other connections. 

The differential equations here considered have the form 

dy 


(1) dr "(¢,2°, 


and it is supposed that a particular solution 


for a particular set of functions f is known. When the functions f them- 
selves are allowed to vary the solutions of these equations are functions 


T, To, to, f| of the variable 7, of the codrdinates 7» and 


vo => a’) 
of a prescribed initial point (7, 2) of the curve, and of the functions f© in the 
second members of the equations. In Sections | and 2 below the character of 
these solutions in a neighborhood of the particular solution (2) are considered. 
* Presented to the Society, September, 1919. 
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It is proved that they are continuous and have differentials with respect to 
all their arguments, and the parts of the differentials which involve the vari- 
ations of the functions f are differentials in a sense analogous to that of Fréchet 
or Volterra in the theory of functions of lines.* The variations of the func- 
tions f considered in this paper are arbitrary ones. In special cases, how- 
ever, they may be caused by the presence of variable parameters in the second 
members of the equations (1), or by the presence of arbitrary functions as is 


the case in ballistics. 
In Section 3 some implicit function theorems are developed which have an 
application in the theory of the wind and density corrections in ballistics. The 


character of a solution tr = 7[ 70, xo, f]| of an equation of the form 


o(T, TO, ro, f] = () 


is discussed. Under suitable hypotheses the solution 7 will be continuous and 
have a differential, as will also the function obtained by substituting the 
solution 7 in a second function y of the same sort as¢@. The theorems deduced 
are special cases of some much more general ones in general analysis. 

The notations and properties of multi-partite numbers and matrices have 
been used freely throughout. This gives a somewhat forbidding aspect to the 
pages for one who has not considered the advantages of these notations. 
It is a matter of a short time only, however, to familiarize one’s self with 
their essential properties, and the instruments so provided are of very great 
usefulness and power in many applications. The use of multi-partite numbers 
and matrices in the differential equation theory was inaugurated by Peanot 
and the present writer has more recently listed in some detailf the properties 
which are found to be most useful in this connection. The notations and 
methods of the paper last referred to, and which will hereafter be designated 
as the paper (A), will be preserved as far as possible. For example, one- 
partite numbers will always be represented by Greek letters, p-partite numbers 
by small Roman letters, and matrices by capital Roman letters. A list of 
the notations used is given on page 21 of the paper (A). It will assist in the 
interpretation of the following equations if it is noted that the properties of 
the moduli of multi-partite numbers and matrices are analogous to those of 
the ordinary absolute value. 


* Fréchet, Sur la nolion de différentielle dune fonction de ligne, these Transactions, 
vol. 15 (1914), p. 139. Volterra, Legons sur les fonctions des lignes, p. 25. 

+Mathematische Annalen, vol. 32 (1888), p. 450. 

t The solutions of differential equations of the first order as functions of their initial values, 
Annals of Mathematics, 2d series, vol. 6 (1905), p. 58; Solutions of differential 
equations as functions of the constants of integration, Bulletin of the American 
Mathematical Society, 2d series, vol. 24 (1918), p. 21. 
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1. SOLUTIONS OF DIFFERENTIAL EQUATIONS CONTAINING ARBITRARY 
FUNCTIONS 
The system (1) of differential equations is represented in matrix notation 
by the single equation 


dx 


Interpreted from the standpoint of multi-partite numbers the latter means 
that a similar equation holds for each value of the index 7 = 1, 2, ---, p of 
equations (1). An initial solution 


x=u(r) 


of the differential equations (3) for a special set f’ of functions f, is supposed 
to be known in advance, each function of the set u having a continuous deriva- 
tive on the interval 7; 72. There is also a neighborhood C, of the are C, 
consisting of all the points (7, 2) satisfying the conditions 


Se; mod [aw — u(r)|] <e, 


in which all the funetions f to be considered are single valued and continuous 
and satisfy the Lipschitz conditions 


mod [f (7, 2’) —f(r, 2)] < « mod(2’ — x) 


with a prescribed constant « which is the same for all the f’s considered. This 
would, for example, be the case for all functions f having suitably bounded 
continuous first derivatives in C,. 

Under the circumstances described in the preceding paragraph a sequence 
of sets of approximation functions v, = (v)?, ---, 0%) may be defined by 


the equations 
vo | T,TO0> to, f] = u(r) + to u( To) 


°T 
Um+1 [ T, = Zo + J ( Um )dr 
TO 


and each set of functions v,, has the initial values a» when +t = To. 

To justify the use of these formulas it must first be shown, as in the paper 
(A), that there is a domain R of elements | 7, 70, 20, f] in which every one 
of the sets v» is well defined and provides only points (7, %) in the region C, 
where the continuity properties of the functions f have been presupposed. 
Such a domain R is defined by the conditions 
(R) (to, to) in Cop, mod U-fl¥ac, 


2d 


the functions u 


where \ is the length of the interval 7; tz and 6 = ee 
clearly satisfy the equations 
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u(r) = u(To) + 


and from equations (5), (4), and properties of the modulus analogous to those 
of the absolute value, it follows that in the region R 


6 
mod (v — = mod[ao — u(t) | =5 < 4, 


mod (7, — «) mod[ao — u(t.) | + mod to) —f’ (7, u)] dr 


+. (x, to) —f' (7, u)] dr 


=6+ | k mod (v — u)dr 


To 


1+ 
A simple inductive proof now gives 


mod (vt, — u) < 
which shows that the points (7, ¢,) are in C, for every m and every set of 
arguments [7, To, %o,f|in R. 

The proofs (1) that the sequence of functionals ¢,,[ 7, 70, ao, f] converges 
uniformly in the domain fi to a limiting set e[ 7, to, o,f], (2) that this 
limiting set satisfies the equations 


t[t, To, %o,f] = aot f(r, v)dr 


and hence also the original equations (5), and (3) that when 7, ao, f are pre- 
scribed the functions ¢ are the only ones which satisfy equations (3), are now 
precisely those of the paper (A) cited above, and they need not be reproduced 
here. 

The approximation functionals ¢,,[ 7, 70, %,f| have uniform continuity 
in the domain R of the following type, designated in the rest of this paper as 
continuity of type 1. Let @ be one of them, and designate by A¢@ the difference 


Ad = + Ar, To + Ato, + Aro, f + Af] — O[7, To, 20, fF). 


Then for every positive constant e’ there is a second constant 6’ such that 


= » 
o| | a 
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Ag| < whenever the sets [7+ Ar, to + Ato, to + Avo, f + Af] and 
|r, to, to, f] are in R and 


|Aro!, mod mod Af < 6’. 


‘The last inequality is supposed to hold uniformly for all points (7, x) in C,. 

The proof of this property of uniform continuity is an inductive one. The 
function vo is evidently continuous in the sense just described, and it is assumed 
for purposes of proof that v,, has the same property. It follows then from 
equations (5) that 


T+AT 


Axo + T, Um + Av», )dr f f( T, Um ) Ar 


To+ATo 


Axo + ff (7, Um + Atm) drt + f (7, Um + Atm, ) dr 


70+ Ato 


+ Af (7, Um + Av, ) dt + (f(r, Un + Avn ) —f(r, tm) ]dr, 


where f =f + Af. Hence 
mod = mod Axy + p[|Ar| + | Aro] ] 


where w is a maximum of mod f in the domain R, and the sum of these terms 

can clearly be made less than ¢’ by sufficiently restricting 6’. It follows at 

once from the uniform convergence of the sequence {v,,} that its limit function 
. T, o,f] has also continuity of type J in the domain R. 

Suppose now that the class of sets of functions f is still further restricted 
to include only functions which have continuous first derivatives in the neigh- 
borhood C, , and that these derivatives have a common prescribed upper bound 
which is the same for all the f’s considered. Then there will exist a constant x 
such that the Lipschitz condition (4) holds for all of the sets of functions. 
The proofs of the paper (A) repeatedly cited establish for each f the existence 
of the derivatives of the solutions given by the equations 


“To 


Ov. 
(To, wo). 


In the former of these equations dv/dxo is the matrix | | de /dx?|| (i,7 = 1, 
--+, p) of derivatives of the elements of v with respect to the elements of xo, 


© 
Ov 
= 
Oxo 
(4) 
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I is the identity matrix, f, is the matrix of derivatives of the elements of f with 
respect to those of x with the arguments (7, 2) = (7, 7), and the equation 
holds for every pair of corresponding elements of the matrices on the two 
sides when the sums and products and integrals on the right are interpreted 
in the usual way. In the latter equation 0v/079 is the multi-partite number 
whose elements are the derivatives of the elements of v with respect to the 
scalar 79, and the second member is the negative product of the matrix 0v/02 
by the multi-partite number f (7, 

The sum (6) converges uniformly in R, as follows at once from the proof 
given in the paper (A) cited above. In order therefore to show that the 
derivatives 0v/0.c79 are uniformly continuous in R it is only necessary to show 
that each term is uniformly continuous. The continuity to be demonstrated 
is, however, of a special kind which will be called continuity of type II. Let 
ol 7, 70, to, f| be one of the derivatives. It is to be proved uniformly 
continuous in the sense that for every positive constant ¢ there is a second 
positive constant 6’ depending only upon f and €’ and such that 


mv = | 7+Ar, To + Aro, to + Aro, f + Af | | T, TO» to, <€ 


whenever the two sets [7 + Ar, to + Ato, ro + Aro, f + Af] and [7, 70, 
xo, f| are in R and the inequalities 


(8) \Ar,, |Aro!, mod Axy, mod Af, mod Af, < 6’, 


are true. The last two are understood as holding uniformly for all arguments 
(7, x) of the elements of Af and Af, in C,. In order that A@ shall approach 
zero, therefore, it is necessary according to this definition, that the derivatives 
of the elements of Af with respect to the elements of x shall approach zero as 
well as the elements of Ar, Aro, Axo, Af. Furthermore the uniformity of the 
continuity is with respect to the arguments 7, 79, 2 but not with respect 
to f, as is indicated by the fact that the constant 6’ depends upon f as well as 
upon 

It is clear that f,(7,v) is continuous in the sense just described. For 
let f = f + Af, and let Av stand for the difference 


Av = T Ar, To + Aro, ro +- Axo, f + Af | T, TO, Xo, 
Then 


mod [f,(7 + Ar, v + Av) —f,(7, v)] 
= mod[f,(7 + Ar, v + Av) + Ar, v + Av) | 
+ mod [f,(7 + Ar, v + Av) —f.(7, v)] 
= mod Af,(7 + Ar, v + Av) 
+ mod[f,(7 + Ar, v+ Av) —f,(7, v)]. 
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‘The next to last term on the right approaches zero with mod Af,, and the 
last term does the same with the first four of the quantities (8), since the 
elements of f, and v are continuous. But the uniformity of the approach to 
zero in the case of the last modulus is with respect to 7, 79, ao only, since a 6’ 
suitable for making that modulus less than e’ will in general depend upon f. 


It is easily provable that 


are continuous in the same way, and so by induction that each term of the 
cries (6) has this property. Equations (7) with the equations 


Ov 


Or 


f(7, 


now show that all the elements of the first derivatives of both » and dv/d7 
have continuity of type II. These results may be summarized in the following 
theorem: 

Tueorem. Let the are 
((') z= u(r) 


be a solution of the differential equations 


dr 
where the functions f’ (7, x) are continuous and satisfy the Lipschitz conditions 
(9) mod [f’(7, — f’ (7, 2)] < « mod(2’ — x) 
ina neighborhood C, of the are C. Then for every other set of functions f having 
these properties in C, with the same constant x there exists a unique set of solutions 
(10) x =v[T, 20,f] 


through each initial point (79, x0) sufficiently near to C. The functionals 
volt, To, o,f] so defined are single valued and have uniform continuity of the 
type I described above in the domain R of sets [| 7, 70, xo, f | defined by the con- 
ditions 


6 


2-71)" 


mn Ste, (ro, Zo) in Cop, mod (f -N =a 


If the class of functions f considered is restricted to include only those with 
continuous first derivatives whose absolute values have a common upper bound in 
the neighborhood C, , then the functionals (10) and their derivatives dv/07 have par- 
tial derivatives with respect to the elements of 7, 70, Xo which possess continuity 
of type II in the domain R. 


a 
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The results which have been proved above can be extended immediately to 


the case where the functions f contain a set of parameters a = (a), --+, dq). 
The class of functions f (7, 2, a) now to be considered is the totality of those 
which are continuous and satisfy the Lipschitz condition (9) with a fixed « for 
sets of arguments (7, 2, @) such that (7, 2) is in C, and a in a region Y& of 
points (a,, -++,a@,). The proofs already given show that the approximations 


sets Um[{ 7,70, 20,f,@] are uniformly continuous and converge uniformly 
in a region R, of sets [7, To, o,f, a] satisfying the conditions 


(Ri) 


and the limit function ¢[7, 79, 2,f, a] has uniform continuity of type I 
in R,. The conclusions of the theorem hold true in each case when R is 
replaced by R,. 

Consider as a special case the class of functions f which are linear in x of the 
form f = Ax, where A is a matrix whose elements are functions of 7 and 
parameters a = (a, +--,a,). Let the elements of A be restricted to be 
continuous and to be such that mod A < « for all arguments (7, a) with 
Sr. anda ina region A. Then the Lipschitz condition 


mod [f(7, 2’) —f(r,2)] = mod A(2’ — x) 
= mod A mod (2’ — x) = « mod (2’ — 2) 


is satisfied for all these functions and they are all continuous in every neigh- 
borhood C, of the special are 
(C) z= 0 (m 


satisfying the equations (3) with the functions f’(7, 2) = 0 substituted. 
For the system (3) with such sets of functions f = Ax the proofs of the pre- 
ceding paragraphs establish the existence and continuity of the solutions 
v[ 70,20, 4,a] in a region R, of elements [7, 79, x0, -1, a] satisfying 
the conditions 


mod a) = 6, 
A arbitrary except for the restrictions just specified, a in YU. 


The constant 6 is in this case entirely arbitrary, for it was originally restricted 
in order to make the points (7, v,,) lie in the neighborhood C, where the 
properties of the functions f were presupposed, and when the elements of f are 
linear in x this neighborhood is C,,.. The proof that 


mod (vm — = mod vm = 


is, however, still valid, so that the points (7, v») all lie in the neighborhood 
C. for which ¢€ = de. The continuity of x[7, 79, 2%, 4, a] in this case is 
such that for every e’ there exists a 6’ such that 


ty 
> 
he 
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mod (a[7 + Ar, to + Ato, + Avo, A + AA, a+ Aa} 
<eé 
whenever the two sets of arguments of x are in R. and 


|Ar|, |Avo|, mod Azy, mod AA, mod Aa < 6’. 


2. DIFFERENCE FUNCTIONS AND DIFFERENTIALS OF THE SOLUTIONS 

Under the assumptions made in the last paragraph of the theorem of the 
preceding section the functionals x[7, to, 20, f] have not only continuous 
derivatives with respect to the arguments 7, 70, 2% but also differentials with 
respect to the arguments f in a sense analogous to that of the theory of func- 
tions of lines. As a first step toward the proof of this statement it is to be 
shown that for every pair of sets of elements [7, 70, | 7, To, Xo, fl of 
the region R there exists a matrix of functions L{ 7’, 7, to, o,f, f) such that 
the differences 

Av = v[7, %0,f] — 7, 70, 


are expressible in the form 

(11) Av = L[7’, 7, To, 7’, 70, X0,f]) dr’, 

where Mf = f —f. The elements of L have continuity of type II for all 
arguments [7’, 7, 70, to, f, f | satisfying the conditions 

(12) mar =7:;, [r, 70, %0,f] and [r, 70, 2%, fJinR. 


An application of Taylor’s theorem with integral form of remainder term* 
shows that the differences Av satisfy the differential equations 


ad Av = f(r, 0+ Av) —f(7, v) 


= f(r,v+ Av) —f(r, v) + Af(7,v) 
= AAv + Af(r, v), 


where Al is the matrix of elements 


1 
(14) A = + ado)da. 


The second members of the associated set of differential equations 


(15) = —1A = g(r, 1, 70, Xo) 


* See, for example, Jordan, Cours d’analyse, vol. 1, p. 247. 
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are linear in the elements of /, and the elements of the matrix A are functions 
of r and the variable parameters to, #9. Furthermore for each fixed pair f , f 
the elements of A are continuous and such that mod A = « in the domain 
of elements satisfying the conditions 


(ro, Xo) in Cg. 


The equations (15) are therefore of the form considered in the last paragraph 
of Section 1 with a replaced by 79, 2, and YU by Cs. Hence they have a 
matrix L[ 7,7’, A, 79, whose rows are solutions of the equations (15), 
reducing to the identity matrix / for the special values tr = 7’, and having 
continuity of type I for all sets [7, 7’, 4, tT, ao] satisfying the conditions 


=r, A arbitrary, (ro, to) in Cg. 


Since in the particular case when A has the value (14) its elements have con- 
tinuity of type II in the domain of elements satisfying the conditions (12), 
it follows that L may be regarded as having the form L[ 7’, 7, to, 20, f,f] 
with continuity of type II in the same domain. 

If the two members of the equation (13) are multiplied by the matrix L it 
follows with the help of equation (15) that 
dL 
= Av + LAf(r,v), 


dr 


L 


and integration of this equation from 7» to 7’ gives 


[ = L{r, TO» tof, Af(r, v)dr 


since attr = 7’, L = I,andatr = 7), Av = 0. If the variables 7’ and 7 are 
interchanged in this equation it takes exactly the form (11) which was to be 
deduced. 

The expression (11) is called a difference function of v[ 7, 70, xo, f] with 
respect to f. It is easy to see that v has a difference function of a similar 
sort with respect to all of its arguments. For let 


Aiv = To, Zo, f] —v[r, To tor 
Ao v[r, 70, To, to, 
Av = A, v + Aor, 


and let Ar = 7 — 7, with similar interpretations for Ato, Azo, Af. Then 
since the functions v have continuous partial derivatives with respect to 7, 
T», Xo it follows that by an application of Taylor’s formula with integral form 
of the remainder term to A; v, and an application of formula (11) to A: v, 
that 


1237 
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(16) Av = adr + bAry + + LAfdr’ , 


where 
1 1 1 
(17) a= f v, da, 5b = { v,,da, C= f v,,da, 


the arguments of the derivatives v,, v,,, tz, being t + adr, to + adAro, 
vy + aday, f. The elements of a, b, C have clearly continuity of type II 
for all elements [7, 70, Zo, /] and [7, 70, 20, f] in R since the derivatives 
of ¢ have this property. 

The difference 


Aw = T0; Zo, f] To, %o,f] 


is expressible in the form (16), in which a, b, C, L have elements which are 
functions of 7’ and the elements of the sets [7,70,%0,f] and [7, 70, 20,f], 
and which have continuity of type II when these variables satisfy the conditions (12). 

It is interesting to note that when the functions v have difference functions 
of the type (16), they will also have differentials in a sense analogous to that 
defined by Fréchet in the theory of functions of lines. In the first place, 
when 7 = 7, To = To, Fo = Xo, f =f, the values of the expressions (17) are 
simply a = v,, b = 2,,, C = v,,. Furthermore if L’ denotes the value of L 
for the same arguments, and if 6v is used to represent the expression 


(1S) = v; Ar + Ur Ato +0, Axo + L’ Afdr’ 


then it follows with the help of equation (16) that 
(19) Av = 6v + wh[ Ar, Aro, Aro, Af] 


where » is the maximum of |Az|, |Azo|, mod Azo, mod Af, med Af, in C,, 
and fh is a multi-partite function whose modulus approaches zero with yp. 
lor the value of h is in fact 


and the modulus of this approaches zero with w since |A7/u|, |Aro/u], 
mod (Aao/u), mod (Af/u) are at most equal to unity, anda,b, C, L approach 
continuously the limiting values v,, v,,, %,,, L’ when the elements of [7, 70, 
approach those of [7, 70, %,f,fz2]. 

The expression (18) is called the differential of v at the set |r, 70, %0,f]. It 
gives the value of v to terms of the first order in the variables Ar, Ato, Axo, Af 
as described above. The matrix L’ is the matrix whose rows are solutions of the 
differential equations 


89 
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dl 


(=0) dr 


¥,( 7’, v[7’, To, to, f]) 


with the initial values L = I at r’ = 7. 
The last statement of this theorem is true because the second members of 


equations (15) reduce to those of (20) when [7, 70, #0, fland [7, 70, 20,f] 


coincide. 

It is useful to note that the differences Av are infinitesimals of the first 
order at least with respect to the variable u, and that the quotients Av/u 
remain finite as « approaches zero. This follows readily by dividing through 
the expression (16) for Av by w and remembering that the quotients Ar/y, 
Aro/u, Axo/u, Af/u are all bounded as u approaches zero. 


3. THEOREMS CONCERNING IMPLICIT FUNCTIONS 
Consider an equation of the form 
o[7,70,%,f] =90 


having an initial solution [ 7’, 74, 2, f’], and let [ 7’, 7), 2, f’], denote the 
totality of elements [7, 70, 20, f| such that 


ir |to — ty|, mod (29 — a), mod (f —f’) Se. 


Then it is possible to prove the following theorem: 

Tueorem. The function @ and its derivative @, are supposed.to have con- 
tinuity of type I in a neighborhood [7', 7), 25, f']., and it is furthermore pre- 
supposed that 


g(r’, To, Xo, f'] 0, ¢,[7’, Te, 0). 


Then it will be true that 

(1) the constant € can be so restricted that in the neighborhood [ 7’, 7), 20, f' |. 
no two solutions [71, To, %0,f], [ 72, 70, %0,f] of the equation @ = 0 exist 
with + 

(2) there is a neighborhood [ 75, x1, f'\s with every element of which there is 
associated a solution [r, to, in [ 7’, To, 

(3) the function 0, xo, so defined has continuity of type Tin [ 75, 20, f'|s- 

It is an immediate consequence of the theorem that 7’ = r[ 7), 2, f’]. 

To prove the theorem it may first be remarked that on account of the 
continuity of the derivative ¢, the neighborhood [ 7’, 7), x0, f’]. can be so 
restricted that ¢, + 0 everywhere in it. The conclusion (1) of the theorem is 
justified in this neighborhood since ¢ is there a monotonic function of 7 van- 


ishing at most once in the interval |r — r’| = € when 70, 20, f are fixed. 


The values 7’ + €, 71, 5, f’] and @[ 7’ — €, To, 2, f’] have now oppo- 
site signs, and on account of the continuity of ¢ it is possible to choose 6 = e 


ki 
< 
‘ 
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so small that @[ 7’ + €, to, £o,f] and @[ 7’ — €, 79, 2%, f]| will also have 
opposite signs for every [ 70, xo, f] in the neighborhood 2, f’]s. For 
every such [ 70, 20,f] the function ¢[7, 20, f] will be a monotonic 
function of 7 and will vanish at one value on the interval 7’ — ¢ = 7 =7' + €, 
which proves the conclusion (2) of the theorem. 
For two solutions [7, 70, %,f], [7 + Ar, to + Aro, wo + Avo, f + Af] 


with projections in the neighborhood [ 7), x, f’]s the equations 
0 = @[7 + Ar, to + Ato, %o + Aro, f + Af] 
— o[7, To + Ato, xo + Aro, f + Af] 
+ o[7, To + Ato, wo + Aro, f + Af] — O[7, 70, %o,f] 
= + 10+ Ato, to + Axo, f + Sf] — o[7, 70, xo, f] 


are true, where 
i 
= + adr, To + Ato, Xo + Aro, f + Af|da. 


Since @ is continuous and ¢; + 0 it follows that Av approaches zero with 
Ary , mod Avy, mod Af, and hence that the function 7[ 70, 20, f] is con- 
tinuous in [ 7), f’]s, as stated in conclusion (3) of the theorem. 
If the function @ is one of the functions v of the preceding section, the solution 
To, to, | of the equation @ = 0 will have a difference function 


(21) Ar = Fare lAfdr’ , 
a a 


where a, B, ¢, l represent those of the elements of ab, C, L in equation (16) 
which pertain to the particular function @. In them the arguments r, 7 are 
supposed replaced by the functions 70, 20, f], 70, 

This is readily provable because the equation 


Ad = adr + BAro + +f lAfdr’ 


holds for arbitrary arguments [7, 70, 20,f], [7,70,%0,f], and these 
sets make both members of the equation vanish when 7 = 7[ 70, %o, f| and 
- = t[ 70, fo, f], since then both of the sets are solutions of the equation 


If @ and W are both particular functions of the set v of the preceding sections, 
and if the solution t[ 70, o,f] of the equation @ = 0 is substituted in y, then 
the resulting function W of To, %o,f has a difference function 


ie 
we: 
ed 
4 
4 
® = 0). 
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Ai y (sar, + cAxo +f ) 


BAry + + lAfdr’, 


where a, B, ¢, lL are symbols for those elements of a,b, C, L in equations (16) 
which belong to with the arguments = r[ 70, %0,f], 7 = T[ 70, Zo, 

This result is found by substituting the expression (21) for Ar in the differ- 
ence function 


Ay = aAr + BATo + + lAfdr’ 


of the function Y. The differential 6; Y of Y with respect to the arguments 
To, 2, f after the substitution t = 7[ 70, ao, f] is evidently 


iy=- Aro + Ato + U 


+ ¥,, Aro + Aro + Afar’ , 


where the arguments of the derivatives of ¢, are 70, %0,f], To, 2o,f- 
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FUNCTIONS OF LINES IN BALLISTICS* 


GILBERT AMES BLISS 


In the theory of ballistics it is customary first of all to set up the differ- 
ential equations describing the motion of a projectile under the assumptions 
that no wind is blowing and that the densities of the air at different altitudes 
are normal. If the initial velocity and the initial direction of flight of the 
projectile are given, it is then possible to compute the codrdinates of the 
projectile as functions of the time ¢ satisfying these differential equations. 
The path of the projectile is different, however, when a wind is blowing or 
when the air densities are not normal, and the form of the differential equations 


themselves must be changed to account for such disturbed conditions. The 
new differential equations involve the velocity w(y) of the wind in the direc- 
tion of the plane of fire at the altitude y, and the correction «(y) for the 
density at the altitude y. The range XY thus becomes a function Y[w(y), 


«(y)] of the functions w(y), x(y), or in other words a function of lines, 
and the first differential of Y in the sense of the theory of functions of lines 
is the first order effect of wind and density upon the range. 

The range is the quantity of greatest interest to the ballistician in most 
problems of artillery fire. But for anti-aircraft guns one must also investigate 
the corrections to the three coérdinates x, y, z of the projectile at the ends of 
successive short intervals of time ¢ along the trajectory. It is clear that 
these codrdinates will also be functions of lines in the sense described above 
for the range Y. 

In the following pages a method for computing the differentials of such 
functions of lines is described. The formulas found are the results of appli- 
cations, to differential equations of the forms used in ballistics, of more general 
results deduced by the writer in a preceding paper.t The proofs here given, 
however, have been made independent as far as possible of those for the 
general case. The methods used have proved to be of value in the practical 
computations of the differential corrections hitherto deemed necessary for 
trajectories, and as the applications of the theory of ballistics beeome more 


* Presented to the Society, September, 1919. 
+ Differential equations containing arbitrary functions, these Transactions, vol. 21 
1920), p. 79. 


93 


BY 
am 
€ 
a 
Sy 
ad 
¥ 


94 GILBERT AMES BLISS [April 


refined the formulas will very likely be of value in the computation of other 
corrections also. The writer has already published accounts of the method 
with such mathematical details as are necessary for the practical ballistician.* 
The purpose of the present paper is to show the connection between the 
ballistic theory and the theory of functions of lines. The method given for 
finding the first differential of a function of lines is one which could be applied 
to many cases of such functions defined by differential equations. 


1. THE FUNDAMENTAL FORMULA FOR DIFFERENTIAL CORRECTIONS 
Consider a set of differential equations of the form 
5953); 
and having an initial solution 
y=y(t), 2 = 2(%) (4 Ste kh) 


for which the functions x(t), y(t), z(t) have continuous derivatives of the 
first and second orders on the interval f; f2, and which passes through an 
initial element (fo, 20, Yo. 20, Yo: Ina neighborhood N of the values 
(t,.,y,2,2",y',2’) on this solution the functions f, g, 4 are supposed to 
have continuous partial derivatives up to and including those of the second 
order at least. 

If the functions f, g, h are replaced by three others f, g, h, having similar 
properties in the neighborhood V, the solutions of the equations 


will be uniquely determined by an initial element (fo, 20, Yo. 20, Bo, Jo, 20). 
and if fy, Yo. are kept fixed may be regarded as a function 2, 


f, 9, h) with similar expressions for 7 and Zz. It is natural to expect that by 
taking the elements of the set [ 2), f, g, 2] sufficiently near to those 
of the set [ 25, yo, 20,f. 9, 4] belonging to the solution C the three functions 


*4 method of computing differential corrections for a trajectory, Journal of the 
United States Artillery, vol. 51 (1919), p. 445; The use of adjoint systems in 
the problem of differential corrections for trajectories, ibid., p. 296; Differential corrections for 


anti-aircraft guns, (not yet published). 


¥ 
(2) = g(t, 
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z, 7, 2 may be made to differ as little as is desired from the functions x(t), 
y(t), z(t) defining that solution. That this is the case follows readily from a 
theorem of the first paper by the writer referred to in the introduction above,* 
provided that the equations ( ) are written in the normal form 


det 


If Ax denotes the difference ¢ — x, with similar notations for the other vari- 
ables, the quotients Ax/m,, Ax’/m,, and the similar ones for y and z, are all 
hounded as m; approaches zero, m, being the maximum of |Azj|, |Ayi|, 
Azi|, |Af|, |Ag|, 
By subtracting equations (1) from equations (2) a relation of the form 


Ar” = f(t, 2,9,2,2,9/,2) 
+ Af (t, 4,9; 


is found for Az, and similar ones hold for Ay and Az. This equation may 
also be written in the form 


Ar” =f, Axr+f,Ay+f.42+ fr Ax’ + fy Ay’ +f. Az’ +Af+¢, 
where 
2) —fedx —f, dy dz 
— fr Ax’ — fy Ay’ — f. Az’ + Af (t, 9, 7’, 2) — Of. 


Similar equations hold for Ay and Az with f, @ replaced by g, y and h, x. 
It is understood that arguments not indicated in f, g, h and their derivatives 
ure always those belonging to the curve (. By applications of Taylor’s 
formula with remainder terms of the second degreet to the first eight terms 
of the expression for @, and also to the last two, it is clear that @ is of the 
second degree in Ax, Ay, Az, Ax’, Ay’, Az’ and the derivatives Af, , Af,, Af, 
Af.’, Af,’, If mz is the maximum of m, and |Af,!, | Af,|, |Afz|, | Af.’!, 
Af, , |Af.’|, then is bounded as mz approaches zero, and @ = m3 (@/m>) 
itself may therefore be regarded as being of the second degree in me, as will 
also be the case for y and x. 
Equation (3) and the similar ones for Ay’’ and Az’’ may be written in the 
normal form 


* Loc. cit., p. 85. 
i Loe, eit., p. 89. 
{ The formula with integral form of the remainder terms is the most satisfactory. See 
Jordan, Cours d’analyse, vol. 1, 2d edition, p. 247. 
Trans. Am, Math. Soc. 7 
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Az’ , 


Az’, 
= Ar + f, Ay + fz Az + fr’ Ax’ + fy Ay’ + + Af 
= gr Ax + gy Ay + gz Az + gz’ Ax’ + gy’ Ay’ + gz’ Az’ + Ag+y, 


=h, Ax +h, Ay +h, Az + hz’ Ax’ + hy Ay’ + hy Az’ + Ah+x. 


The system adjoint to this is by definition the system 
-V fro 
+ gyo t+ 
= + fe hz 7, 
-7 


formed by using the columns of coefficients of the system (4), with signs 
changed, in place of the rows. If \, u,v, p, 0, 7 is a solution of the last 
system, then by multiplying the equations of the system (4) by them, re- 
spectively, and using equations (5), it follows that 

d 


ai (AAx + pAy + vAz + pAx’ + cAy’ + rAz’) 


= pAf + cAg + rAh + pd + of + rx. 
Furthermore by integrating this last result from fy to ¢, the relation 


+ wAy + vAz + pAx’ + cAy’ + rAz’ 


(6) = | + pAy + vAz + oAy’ rAz’ 


+f (pAf + + rah) dt + (pd + of + rx) dt 


is found. 
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In his last equation the second integral is of the second degree in the 
inaximum m2, since @, Y, x have this property, as explained above. The 
first two terms on the right may therefore be regarded as the differential of 
the sum on the left with respect to the differences Ax, Ay), Az,, Af, Ag, Ah. 
if t is considered as fixed for the moment, and if (A, uw, v, p, 7, 7) are so 
chosen that their initial values at the partjcular value ¢ are (1,0,0,0,0,0), 
then the formula (6) gives an expression for Az in which the first order terms 
are the first differential 6x of the function Z in terms of the differences Ax, , 
Ay, Azy, Af, Ag, Ah. Ina similar manner the differentials of 7 and Z are 
determined. It is justifiable then to deduce a differential formula from (6) 
which takes the form 


+ + vdz + pbx’ + ody’ + 762’ 
= [ pAx, + cAyo + + (pAf + + rAh) dt. 
to 


It is the equation which expresses the equality of the first order terms in 
equation (6). The existence of the differentials of , 7, Z, and their derivatives 
is also an immediate consequence of the theorems of the paper referred to 
above.* 

The last equation is fundamental for what follows. It gives the first order 
terms with respect to the variables Az), Ayo, Az), Af, Ag, Ah of every ex- 
pression of the form 


(S) hAx + wpAy + vAz + + cAy’ + 7Az’ 


for which (A, u,v, ,¢,7) is a solution of the adjoint system (5), and it 
may be called the first differential of such an expression with respect to the 
variables x1, yo, 2» and the functions f,g,h. If the first order terms are 
desired at a fixed value of ¢ for an expression of the type (8) with arbitrarily 
chosen coefficients, it is only necessary to insert in the equation (7) a set of 
solutions \, uw, v, p,o@, 7 of equations (5) with initial values at ¢ equal to the 
coefficients in the expression (8). On the other hand, if ¢ is variable, then 
six linearly independent solutions of equations (5) give six independent equa- 
tions of the type (7) from which the six differentials 6x, dy, dz, dx’, dy’, 52’ 
can be calculated. It is to be explained in the following sections how these 
considerations can be applied to calculate the differential corrections for 
trajectories. 


2. FORMULAS FOR RANGE CORRECTIONS AND DEFLECTIONS IN BALLISTICS 


The differential equations of the trajectory of a projectile have the 
form 


* Loc. cit., p. 89. 
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where R is the retardation of the projectile in 
the direction of the tangent due to the resis- 
tance of the air, g is the gravitational con- 
stant, and F merely a convenient notation for 
R/v. The value of R used by Moulton is 


C 


R=vF(v,y) =1 


where v(@(v) is the resistance of the air to a standard projectile moving at 
sea level with velocity v, C is the ballistic coefficient which enables the formula 
to be fitted to projectiles of other types, and e~*” is the altitude function 
which accounts for the diminution in the retardation as the altitude y increases 
and the density of the air diminishes. The values of G(v) have been tabu- 
lated for different velocities from observations of actual firings and the table 
has been smoothed by means of an analytic function which agrees with the 
observed data with sufficient accuracy. The value of the constant a = .000106 
for use with the meter-second system of units, is the result of meteorological 
observations extending over many years. It is so chosen that the function 
e~*” represents the ratio of the density of the air at the altitude y to the density 
of the air at sea level under so-called normal or average conditions. These 
normal conditions rarely exist at an actual time of firing, and the variations 
from them must be taken into account as will be explained in the following 
paragraph. 
It is presupposed that a trajectory 


(10) z=z(t), y=y(t), z=0 (0=ts T) 


has been computed with the help of equations (9), having given initial values 
r=y=2z=0, 2 y' = yo, = 0) at the time t=0. The values 
of z will all be zero since the equations (9) have one and but one solution for 
the prescribed initial values, and since such a solution can be found by setting 
z = 0 in the equations and integrating the first two for x and y. The time of 
flight of the projectile will be denoted by T and the range by Y. The actual 
computation may be most economically effected in a particular case by the 
methods of approximation devised by F. R. Moulton and his associates in 
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the ballistic work at Washington,* the result being a table of values of the 
functions (10) at the ends of short intervals of time from ¢t = 0 tot = T. 
The problem of the present paper is then the determination of the corrections 
which must be applied to the values of these functions, and in particular to 
the range Y, in order to account for disturbances of the trajectory of various 
sorts, some of which will be explained below. 

If the second members of equations (9) are denoted by f, g, h, and if they 
are replaced in any way by new functions 

F=f+4f, g=gt+4g, h=h+Ah, 

in order to account for disturbances of the trajectory, then the results described 
in Section 1 will be applicable. The linear combinations (7) of greatest 
interest to the ballistician are the deflection 6z( 7) and the differential 6Y 
of the range XY. To find a first expression for the latter one may proceed 
intuitively as follows. The coérdinates of the projectile on the disturbed 
trajectory at the time 7 are (XY + Az, Ay, Az) and the value 


AX = [Ax + cot why]*’, 


where w is the positive angle of fall, 
is approximately correct for AY, as 
one sees readily from the figure which 
shows the projections of the original 
and the disturbed trajectory on the 
plane of fire. The value of the dif- 
ferential 6X is found by replacing the 
differences Ax and Ay by differentials 
in this result. 

\ more satisfactory method of determining 6Y from the standpoint of the 
mathematical analyst is, however, to apply the theorems on implicit functions 
of the paper referred to above.t The equation 


GILT, %,F,9,h)] =0, 
where 7 is the function of Section 1 above for the special case of equations (9), 
has an initial solution [ 7, 2, yo, 0,f,9, h] at the end of the trajectory (10), 
in a neighborhood of which the implicit function theorem is applicable. The 
solution 7'[ 5, 90, 20,45 9> h] of this equation is the time of flight on the 
disturbed trajectory and the expression 


= 217, 2, Ho, 2,f,9, 
* For asketch of his methodssee Journal of the United States Artillery, 
vol. 51 (1919), p. 40. 
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According to the resuits of the paper just cited 


is the corresponding range. 
the differential of Y is 


t=T 
(11) 6X = E av | = [ 6x + cot 


where 5x and dy are the differentials of # and 7 with respect to Z, #0, 2, 


Fi g,h. 


The differential equations corresponding to the system (5) for the special 
case of this section are readily found to be 


0, 
— ax’ Fp — ay’ Fo, 


0, 


(12) p’ = yk So, 
0G 0G 
= 
r= —v+Fr. 


To find 6X from formulas (7) and (11) a solution (A, uw, v, p, 7, 7) of this 
system with initial values (1, cotw, 0, 0,0, 0) at t = T is needed. For 
such a solution it is clear that »y = rt = 0 so that the equation (7) gives 


T 
(13) 5X = p(0) Ax, +0(0) Ay + (pAf + oAg)dt. 
e/0 


Similarly to find 6z( 7’) a solution of equations (12) must be used with initial 
values (0,0,1,0,0,0)att#= 7. The functionsd, py, p,¢ are all identically 
zero in this case since the first, second, fourth, and fifth of equations (12) are 
linear and homogeneous in \, uw, p, ¢ alone and have only the solutions \ = yu 
= p =o = 0 with the initial values (0,0, 0,0). Formula (7) then gives 


(14) 6z( 7) = 7 (0) Az +{ tAh dt. 
0 


The function 7 in the last formula can be expressed in terms of the known 
function x(t) of the trajectory (10). For F = — 2’’/z’, from the first of 
the equations (9), and consequently the last of equations (12) gives 

2’ t+re’ = 
since now v = 1. Integration of this result, and evaluation of the constant 


of integration by setting ¢ = 7’, gives 


_X-2(t) 
(15) = x’ (t) ° 
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The expressions (13) and (14) are the first differentials of the range X and the 
deflection z( 1’) thought of as functions of the ordinary variables x), ys, z» and 
of the functions f, g, h. They give respectively the first order range correction, 
and the first order deflection, corresponding to a disturbance of the trajectory 
which can be accounted for by altering the initial conditions, or by changing the 
functions f, g, h in the second members of equations (9) into f + Af, g + Ag, 
h + Ah, or both. 


3. APPLICATIONS TO SPECIAL CORRECTIONS 


The formulas (13) and (14) are applicable to a very great variety of prob- 
lems. Suppose, for example, that experiments had been devised which 
gave a new and more accurate table of values of the function G(v) than the 
one at present used. It would not be necessary to re-compute completely 
the ranges corresponding under normal conditions to given elevations. Fer 
the new value of G could be inserted in equations (9) and the corrections 
Af, Ag, Ah computed. The formula (13) would then give first order cor- 
rections which could be applied to revise the ranges so that they would be in 
accord with the new retardation law. 

The most important applications of the formulas are, however, in computing 
the differential corrections due to variations in the initial conditions, variations 
from normal in the density of the air, or wind. The direction and velocity 
of the wind at different altitudes is determined in practice by observing the 
motion of a small balloon through two surveying instruments at the ends of a 
measured base line, and its components at the altitude y in the plane of fire 
and at right angles to it will be denoted hereafter by w.(y) and w.(y). The 
variations from normal in the density of the air at different altitudes is deter- 
mined by means of airplane observations and may be accounted for in equa- 
tions (9) by using an altitude function of the form e~*”[ 1 + «(y)] instead 
of 

When a wind is blowing the retardation of the projectile is no longer in 
the line of the tangent to the trajectory, but takes place in the direction of 
the motion of the projectile with respect to the air, and is determined in 
magnitude by the velocity V of the projectile with respect to the air. This 
velocity is the vector sum of the velocity of the earth with respect to the pro- 
jectile and of the velocity of the air with respect to the earth, and its com- 
ponents and magnitude are 


— 2+ w.(9), — 
U = v[2 — we (9) P+ 97 — we (9) PF, 


where , 9, 2 represent the coérdinates of the disturbed projectile. The 
differential equations which determine the trajectory disturbed by wind or 
abnormal density are now 
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— F(z — w.(9)], 


(16) = — Fy’ - 9, 
2” = — F(z — w.(9)], 
where 
(17) F = + «(9)1- 


The solutions of these equations are functions @, 7, Z of the arguments f¢, 2, 
Yos Wey), We (y), K(y), and the first order deflection 6z( 7) and range 
correction 5X are given by formulas (14) and (13) when Af, Ag, Ah are replaced 
by the first order terms of their expansions in powers of w,(y), w.(y), «(y) 
which are described below. 

The second members of equations (16) are the functions previously desig- 
nated by 7, g, h, and the differences Af = f — f, Ag, Ah can be readily caleu- 
lated. Inthe formula (7) their arguments are the elements 2, y,2, 2’, y’, 2’ 
of the known solution (’, and in the formulas (13) and (14) it is to be re- 
membered that they must similarly be the analogous elements of the solution 
(10) already computed. It follows then that to first order terms in w,(y), 


w.(y), «(y) 


my 
Af = F(1 wel) + 


G’ 
Ag =2'y' —y 


Ah = 


When these values are substituted in (13) and (14), and use is made of the 
equations (12) and (15), it is found that 


(18) 6X = p(0) Ax, +0(0) dy, + + 1) wely u’«(y)dt, 
0 


T 
(19) = + ff (r’+1)w.(y)dt. 


The expressions (18) and (19) are the first differentials of the range X and 
the deflection z(.T') thought of as functions of the ordinary variables x, yo, 2 
and of the wind- and density-functions w,(y), w:(y), K(y). They give, 
respectively, the first order range correction and the deflection due (1) to a variation 
in the initial velocity with projections Ax), Ayo, Az on the codrdinate azes, 
(2) to a wind at the altitude y with components w,(y), w:(y) in the plane of 
fire and at right angles to it, and (3) to a variation from normal in the density 
ratio of the air which at altitude y is equal to the fraction x(y) of the normal 
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density ratio e~*”. The functions X, uw, p, o occurring in these equations are 
solutions of the first, second, fourth, and fifth of equations (12) with initial values 

1, cot w,0,0) att = T, w being the positive angle of fall. The function r is 
given by the equation (15). 

In constructing a range table it is sometimes desired to compute the first 
order correction to the range Y due to the use of a slightly different value 
(‘+ AC of the ballistic coefficient. The formula (18) will give this correction 
also, if the function x(y) is everywhere replaced by x(y) — AC/C. For 
the equations (16) still hold provided that the expression (17) for F is multi- 
plied by the factor 

AC 
I + 


which gives, to first order terms, the value 


F 1 + «(y) 


This is the same as before except that x (y) is replaced by x(y) — AC/C. 

The versatility of the formulas (13) and (14) of Section 2 is still further 
illustrated by the problem of determining the effect of the rotation of the 
earth upon a trajectory. Roever has set up the differential equations of 
motion in the form 


=— + 2w(j’ cos sina — 2’ sing), 
= — Fy’ — 9 — 2w cos o(2 cosa + # sina), 
= — + 2w(z’ sing + 7’ cos cosa). 


In these formulas ¢ is the latitude of the gun position, a is the azimuth of the 
plane of fire measured clockwise from the south, w = .0000729 is the angular 
velocity of the earth’s rotation in radians per second, and F is the value (17) 
except that now w.(y) = w.(y) = x(y) = 0, since only the effect of the 
rotation of the earth apart from other disturbances is to be considered. The 
effects of all the disturbances could be evaluated simultaneously if desired 
but the result would be merely to add the terms about to be deduced to the 
expressions (18) and (19). In the equations (20) powers of w higher than the 
first have been neglected. . 

The second member of the first of equations (20) is now the function 
J(t, %, 9, 2, 2, 9’, 2’), and the value of Af in the formula (13) is the differ- 
ence f — f formed for the arguments t, z, y, z, x’, y’, 2’ of the initial trajec- 
tory (10), with similar values for Ag and Ah. It follows readily that 


(20) 
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Af = 2wy’ cos ¢ sin a, 


Ag = — cos sin a, 


Ah = 2w(2’ sind + y’ cos cos @), 
and the formulas (13) and (14) give 


(21) bY = 2w cos ¢ sin a { (py’ — ox’ )dt, 


T 
(22) 6z(7') = 2w sin @ + y’ cos cos a) dt. 
Jo 

These are the first differentials of the range NX and the deflection =( 1) con- 
sidered as functions of the angular velocity w of the rotation of the earth. They 
give the first order effects of the rotation of the earth upon NX and z(T). 

The advantage, from the standpoint of the computer, of the formulas for 
the corrections derived in this section lies in the fact that only two integrations 
of systems of differential equations by methods of approximation have to be 
made in order to get all of the corrections. The first integration is of the 
system (9) in order to find the original trajectory (10), and the second is the 
integration of the first, second, fourth, and fifth of equations (12) for the 
functions (A, uw, p, with initial values (1, cot w,0,0) att = 7. When 
this last set of functions has been determined the formulas (18), (19), (21), 
(22) give the values of the desired corrections by elementary operations of 
arithmetic, except in the case of the rotation of the earth for which two quad- 
ratures by methods of approximation are required. The details of the com- 
putation are described in the papers mentioned above* and need not be 
reproduced here. The methods in use when these results were obtained 
involved a separate approximate integration of a system of differential equa- 
tions for each type of correction, and this multiplicity of integrations is now 
replaced by two, the amount of computational work required being diminished 
by about three fourths. 


4. THE DIFFERENTIALS OF THE COORDINATES 2, Y¥, 2 FOR ANTI-AIRCRAFT 
CORRECTIONS 


The details of the computation of anti-aircraft corrections have been de- 
scribed by the writer in another paper.t Theoretically the steps used to 


obtain them are the following. 

A fundamental system of four solutions (A;, wi, pi, 71) (4 = 1, «++, 4) of 
the first, second, fourth, and fifth of equations (12) gives when substituted in 
equation (7) four linear relations 


*Journal of the United States Artillery, vol. 51 (1919), p. 296. 
+ Submitted for publication tothe Journalofthe United States Artillery. 
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(233) A; Ov + wi by + pi bx’ + 0; by’ = m; 


If the fundamental system chosen is the one whose elements reduce to the 
identity matrix at ¢ = 0, the four values m; from the second members of 
equation (7) are 


my -{ (mAf+o,Ag)dt, m= (p2 Af + o2 Ag) dt, 
0 


ms = Ax, + | (ps Af + Ag) dt, 


my = Ayo + | (ps Af + 04 Ag) dt. 


‘The differentials of x and y are then found by solving the four linear equations 
(25) for 6x, dy, 6x’, dy’, and these differentials are the first order corrections 
to w and y required at the time ¢ on the trajectory. 

The effectiveness of this method of determining the differential corrections 
from the standpoint of the computer depends very much upon the plan of the 
computations and the arrangement of the work. Such a plan has already 
heen deseribed by the writer in the paper last referred to. It turns out that 
the fundamental system of solutions (A;, ui, pi, 0) (4 = 1, «++, 4), and the 
colactors of the determinant of the coefficients in the first members of equa- 
tions (23), can be determined by three approximate integrations plus ele- 
mentary arithmetical operations. The system of differential equations 
actually integrated is the adjoint of the first, second, fourth, and fifth equa- 
tions of the system (12) which has the form 

= 
dD, 
ax’ FB — + 2” a) C—2'y' re D, 


vu 


G’ 
D’ = ay’ FB 2’ F—C - 1+ dD. 


If (.1, B,C, D) is a solution of this system, and (A, uw, p, o) a solution of 
the original one, the relation 


Ad + Bu + Cp + Do = const., 
is always true, and it follows readily that four solutions (A;, B;, C;, D;) 
(1 = 1, -++,4) of the system (24), with initial values at ¢ = 0 forming the 
identity matrix, will have elements which are the cofactors of the corresponding 
elements of the determinant of the solutions (A;, ui, pi, 71) (4 = 1, «++, 4) 
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of the original system. The matrix of solutions of the system (24) has the 


form 
1 0 


As Be 
4 
(25) Ay Bs 
Ay B, 


and it is clear from the form of the equations themselves that when the ele- 
ments B, C’, D of one of the last three rows have been determined by inte- 
gration of the last three differential equations, the corresponding A can be 
determined by a quadrature. The elements of the solutions (\;, ui, pi, 77) 
(i =1,--+-,4) are the co-factors of the matrix (25) and they can be cal- 
culated by elementary operations of arithmetic. 

The differential of z is found by using in equation (7) two solutions (v, 7) 
of the third and sixth of equations (12) with initial values (1, 71) = (1,0), 
(v2, 72) = (0,1) att=0. These solutions are, respectively, 


Vi 


Vo 


as may readily be established by elementary integrations similar to those 


used in deducing formula (15). Equation (7) then gives 
bz — — 52’ — Ahdt, 
x @ 


t 
x 


which determine the differentials 5z and 62’. 


0 O | 

Cy De 
C; Ds; 3 
C; 
x 

m=0, 
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ON THE SUMMABILITY OF THE DEVELOPMENTS IN 
BESSEL’S FUNCTIONS* 


BY 


CHARLES N. MOORE 


The object of the present paper is to establish sufficient conditions for the 
summability (Cesaro) at the origin and the uniform summability in the 
neighborhood of the origin of the developments in Bessel’s functions. It has 
also been the aim of the writer to obtain summability of as low an index as 
possible without placing any considerable restriction on the function to be 
developed. 

The study of the behavior of the development in the neighborhood of the 
origin presents much greater difficulties than the study of the development in 
intervals that do not include the origin. This accounts for the fact that 
previous discussions of the summabilityt of the development apply only to 
intervals of the latter type, and that most of the previous discussions of the 
convergence of the development are incomplete in the same manner.{ 

The difficulty in studying the development in the neighborhood of the 
origin arises from the fact that the terms in which the asymptotic expansion 
of the Bessel’s functions can be used to advantage begin later and later in 
the series as we approach the origin. Hence, in studying the series in an 
interval that reaches up to the origin, the point at which we start using the 
asymptotic expansion is continually shifting. This gives rise to many com- 
plications and accounts for the length of that portion of this paper which 

* Presented to the Society, September 4, 1917, and April 12, 1918. Owing to considerations 
of space some of the results of these papers are reserved for later publication. 

+ To my knowledge there have been only two such discussions, the first a paper by myself 
in these Transactions, vol. 10 (1909), pp. 391-435, hereafter referred to as Trans- 
actions I, and the second to be found in Ford’s Studies on Divergent Series and Summability, 
Chapter V. Added later. Since the present paper was written, an article by W. H. Young 
has appeared (cf. Proceedings of the London Mathematical Society, ser. 2, 
vol. IS (1919-20), p. 163), in which both the convergence and the summability are considered, 


but in this ease also the behavior of the development in the neighborhood of the origin is not 
determined. 

! As far as I am aware, the only discussion of the convergence of the developments in 
sessel’s functions which is complete in this respect, is to be found in a paper by myself in 
these Transaetionsy vol. 12 (1911), pp. 181-206, to be hereafter referred to as Trans- 
actions IT, 
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deals with the uniform summability of the development in the neighborhood 
of the origin ($$ 7-21). 

It may be noted that many of the lemmas obtained, particularly those in 
sections 7-17, have an interest of their own and many possible applications in 
other investigations, such as the study of Fourier’s series. I have made no 
attempt to point out explicitly these applications, as I felt that this would 
detract from the unity of the paper and unnecessarily increase its length. 


AN ASYMPTOTIC FORMULA FOR THE ROOTS OF A CERTAIN EQUATION 
INVOLVING BESSEL’s FUNCTIONS. §§ 1-2 
1. We wish to obtain in this section an asymptotic formula for the positive 


roots of the equation 


(1) IAS, (A) + hI, (A) = 0, 


where J, (X) represents a Bessel’s function of the vth order, v is a constant 
positive or zero, and h and / are any constants not both zero. It has already 
been shown in Transactions I (cf. equation (57)) that the nth positive root 
of (1) satisfies the equation 

Yi(n) 


n 


(2) A, = 


where q is a constant dependent on v and /, and ¥, (n) is used to represent any 
function of n that remains finite for all values of n. The object of the following 
discussion is to arrive at a more precise expression for the last term. 

By means of the asymptotic development for J, (2) and J,,, (2), equation 
(1) may be replaced by the equation* 


(A) 


0, 


(3) cos (A a) sin (A — a) + 


where / is a constant, and a is a constant that has the value }(2» + 3)7 
or } (2v + 1) according as the / of equation (1) is different from or is equal 
to zero. The corresponding values of q in (2) will be given byt 


: 
(4) q=rm+ sta (r an integer or zero ). 
We now set 


T 
(5) 


In view of (2) and (4) the value of h corresponding to \ = \,, which we shall 


* Cf. Transactions I, Lemma 3. 

+ Cf. Transactions I, p. 415. In making use of the equations for q a slight modification 
is necessary to take account of the fact that the a on page 415 has the same value } (2» +1), 
whether / is or is not zero. 
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designate by h,, will be of the form ¥,(n)/n. We shall show further that 
it is of the form k/n + ¥,(n)/n?. 
From (5) and an application of Maclaurin’s expansion we have 


cos (A — = cos (mx = 4 i) =(-—1)™' sinh 


=(- cos (0; a) |, 


sin (A — @) sin (ma +5 +h) = (= 1)" c0s 


= (- — F eos (62h) |, 


where 6; and 62 each lie between zero and one. If now we set h = i}/X — c/” 
and substitute from (6) and (7) into the left-hand side of (3), it is easy to see 
that if ¢ and X are chosen to satisfy the inequalities 


(s IWi(A)| +1<e<h, 


the left-hand side of (3) will have the sign (— 1)". If we substitute //d 
+ ° for h, we see that if ¢ and X satisfy the inequalities (8) the left-hand 
side of (3) will have the sign (— 1)"*'. Hence this expression changes sign 
as passes from the value — to the value k/A + and therefore 
(3) has a root, A,, forea value of h, h,, between these limiting values. Thus 
we see that h, is of the form k/A, + Wi (An) /AZ, and consequently, in view of 
(2), of the form k/n + yi (n)/n?. Therefore, taking account of (4) and (5), 
we have 

(9) 


the asymptotic formula we desired to obtain. 
2. We shall now employ (9) to obtain another formula which will be of 
use in later reductions. We have from (9) 


cos (A, — a) = a] 


ke 
n n 


(10) 

+ cos | (om +q)x-—at | — cos + a]. 
By means of two elementary trigonometric reductions, the last two terms on 
the right-hand side of (10) may be put in the form 


— 2sin + q)x — a] cos sin +74”) 


9 
n n n n 


— 2cos[(nt+ q)2—- a] sint 5 (+4). 


2\n n? 


t)) 
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If we reduce this expression by expanding the sine and cosine of 


L (ke 
2 (= +R ) 


by means of the formulas for sin h and cos h given in (6) and (7), and sub- 
stitute the result for the last two terms of (10), we have finally 


cos — a) = a] 


ry(2x,n) 


2 
n 


(11) 


= sin + 


where ¥(2x,n) is used to represent a function of x and n which for all fixed 
values of n is continuous in the interval (0 S x = 1) and which remains finite 


when n increases indefinitely and x varies in that interval. 


SUMMABILITY AT THE ORIGIN OF THE DEVELOPMENT OF AN ARBITRARY 
FUNCTION IN TERMS OF BESSEL’s FUNCTIONS. §§ 3-6 


3. We turn now to the consideration of the development 


(12) 
where 
l 
(13) 
r[J, (Anz) P de 
0 
and \y, Ae, As, --* are the successive positive roots of equation (1). We will 


first establish some lemmas. 
Lemma 1. I[f in the interral (0 =x =1), f(x) has a Lebesgue integral, 
is continuous at the origin and such that 


where M is a positive constant, we have 


(15) A, = vn +2) Vc cos {(nt + q)2 — 
n 


Ms 
vn 


1 
+ (a8 +b) sin + q)x — a}dx 
0 x 


M Kf (0 
wn n 


3 
(1 (O<7Se51), 
| 
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where A, is defined by (13), 6(2) =f(x) —f(0), Mi, Mo, Ms, Ms, q, 
a, b, and K are constants, and r, is the general term of an absolutely convergent 
series. 

From the definition of @ (a) and the substitution y = Az, we have 


1 A 
(16) rf(x)J, (Ax) de (2)J, yJ,(y)dy. 
0 0 


But, on integrating by parts, 


A A 


Moreover, * 


where AK, is a constant. 
From the asymptotic expansionf for J, (Av) we have 


1 
(19) Vx cos (Ar — a) dx 


+5 sin (Az — a) dx = (ry dx 


Vix (x) cos (Av — a) de 


el 


vx 
since, in view of (14) 


(a) 


vi 


vx (x) cos (Aw — a) dz = 


cl» 
sin (At — a) dx = 


0 
Furthermore 


(20) (xr) de 


Hence finally, from (16), (17), (18), (19), and (20) 


* Cf. pp. 187-188 of Transactions II. 
7 Cf. formula 48 of Transactions I. 
Trans. Am. Math. Soc. 8 
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l 
(21) Vx (2x) cos (Ax — a) dx 


sin (Ar — a) dx 


+ 


Therefore, since* 
(22) x[J’ (Ar) P dx = » + x +- 


where .4; is a constant, we have 


s] 2 — 1 
An AL Te Vx cos (A, — a) dz 
0 


A A® 
24’ 2f (0 
(23) Pd: (A, — a)dx + ) J (An) 
Wx 


+ f(9) (An ) 
A? 
But from (2) 4 
4 
Moreover (Transactions II, equation (42)) 3 
1 van) 
») — = — PA 
and (Transactions I, equation (59)) i 
An 4 
(26) sin — @) = sin + q)2 — 
Similarly we obtain : 
(27) sin2(A, a) = sin2 (nn a) = sin2(q— a) 
Also, from Transactions II, formula (43), E 
(28) (rn) = (— + (C a constant). 
Wn 
Combining (24), (25), (11), (26), (27), and (28) with (23), we readily obtain P 
for A, the form? on the right-hand side of (15). Hence our lemma is proved. z 
~ * See Transactions I, p. 403, where a somewhat less explicit form for the left-hand side a | 


of (22) is obtained. The present form is derived in similar fashion by using one more term 


in the asymptotic expansions of J» and (A). 
+ For the sake of future reference we note that M, = 2/ A, where A is the A of formula 


48 (Transactions I). 


4 
1 
> 
wy 
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4. Lemma 2. If in the interval O= x= 1, has a Lebesgue integral 
and is furthermore such that 


29) <M (0<z<c=1), 


where M is a constant and p is a constant > 0, the series whose general terms are 


el 
n Vx (2x) cos — a) cos 
0 


n Vx sin (qx — a) sin nradz, 
0 
4 where q and @ are constants, will be summable (C1). 
‘ We will consider first the series whose general term is the first expression 


(30). If in that expression we substitute y = mx, it reduces to 


q 31) af wo(4 eo s( a) n cos ny dy. 


We shall now obtain the first Cesdro mean for the series we are discussing. 


We have from a well-known formula* 

(n + 1) sin sin (n+ 1)y 

(52) i 

5 Differentiating both sides of the above equation with regard to y and making a 

3 few trigonometric reductions on the right-hand side we obtain 
33) _ sin (n + 2 + 1) + ncos (n+ 1)y 

4 dy 4 sin® dy 

‘i From this equation we obtain at once for the first Cesdro mean of the series 
whose general term is (31) 


4 ( Ir) 


cos a) eos (n+ 1)ydy, 


5 where the convergence of each nme and hence the justification for writing 
the expression in the form (34), is obtained from the condition (29). 

The second term of (34) is readily seen to approach a limit as n becomes 
infinite. The third term is a constant multiple of a Fourier’s coefficient of a 
* Cf. Transactions I, p. 413. 
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Hence from a theorem due to Lebesgue* 


function having a Lebesgue integral. 
It remains 


we know that it approaches zero as a limit as n becomes infinite. 


then to examine the first term. 
It is readily seen that a positive constant, A’, exists, such that for all values 


of y 

sin (n+ 

NSIN ol 


Moreover, a positive € being assigned, we may choose 6 such that 


| vud(y 7) € 
er COS dy < 


and 6 being thus chosen, we may then select an m such that 


sin (un +3 )y € 
COS a dy (a = 


sin? by sin by 2 


4 (37) 


From (35), (36), and (37) it follows at once that the first term in (54) may be 
Hence this term approaches zero as a 


made less than € by choosing m. 
limit as nm becomes infinite. Thus it follows that (54), or the first Cesaro 


mean of the series whose general term is the first expression in (30), approaches 
a limit as » becomes infinite, and the first-part of our lemma is proved. 
Let us consider now the series whose general term is the second term in (30). 


If we set y = mer, this term reduces t» 


qu 
COS —a)nsinnydy. 
eu 


But, from a well-known formula, 


(38) > (x _sin 2 jy + 
of 


m 2: 


Whence, differentiating both sides with respect to y, 


. (n+ 1)sin(n+1)y sin? h(n + 1)y cos dy 
( sin® by 2 sin® by 


Thus we have for the first Cesdro mean of the series we are discussing, the 


expression 


1 yw) qy P l 
(1+ ) cos ( —a) sin (n+ 
7 


Sy 


(40) 
x | cos «) cos 3(n+1) ydy. 


sin? by 2 sin Sy 


*Cf. Lebesgue, Sur les séries trigonométriques, Annales de l’école normale 
supérieure, ser. 3, vol. 20 (1903), pp. 471-473. 


| 
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‘The integral in the first term is a constant multiple of a Fouricr’s coefficient 
of a function having a Lebesgue integral. Hlence, by the theorem of Lebesgue 


quoted above, this term approaches zero as a limit as n becomes infinite. 


yy a discussion entirely analogous to the discussion of the first term of (54) 
it may be shown that the second term of (40) approaches zero as a limit as 
hecomes infinite. Hence (40) approaches a limit as n becomes infinite and 
therefore the series whose general term is the second term of (30) is summable 
(C1). Our lemma is thus completely established. 


+. Lemma 3. The series whose general terms are 


Ve 


eo Ve 


cos (qv — a) sin dx, 


sin (qv — @) cos nav de, 


cill be summable (C1), provided @ (2) satisfies the conditions of Lemma 2 


We will consider first the series whose general term is the first expression 


in (41). If we set y = avr, this expression reduces to 


| qy 
COS —a)sinnydy. 
Jy 


Making use of (32) we have for the first Cesdro mean of the series whose 


veneral term ts (42) 


o(y/T) qy sin 
1+ | , dy 
Ny sin Sy T oy 


1 


the required property of @(.2) assuring the convergence of each integral 


4 involved. The first term in (43) evidently approaches a limit as n becomes 
infinite. By a discussion entirely analogous to that for the first term of (34) 
it may be shown that the second term approaches zero as a limit as 1 becomes 
infinite. Hence the whole expression (43) approaches a limit*as n becomes 
infinite, and the series whose general term is the first term of (41) is summable 
re 


Consider now the series whose general term is the second expression in (41). 
By means of the transformation y = mx this expression reduces to 


("oC . fay 
(44) sin{ — a@ cos ny dy. 
K Vi Jy Vy 7 


q 
4 il) 
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Making use of (38) we have for the first Cesdro mean of the series whose 


general term is (44) 


(yr) sing (n+ sin} (n+ 1) ysin(@ — a) dy 


1 
vy sin dy n sin 


qu 
vy 


where again the convergence of the integrals involved is secured by the con- 
dition on @(2). The second term of (45) obviously approaches a limit as n 
becomes infinite, and the first term may be shown to approach zero as a limit 
as n becomes infinite by a discussion completely analogous to that for the 
first term of (34). Hence the whole expression (45) approaches a limit as n 
becomes infinite, and the series whose general term is the second expression 


in (41) is summable (C1). 
Our lemma is thus completely established. 
6. We are now ready to prove the following theorem: 
If f (x) ts such that =f (x) —f(0), satisfies the con- 


THeEoreM I. 
ditions of Lemma 2, the development of f(x) in Bessel’s functions of order 


v (v = 0) will be summable (C4) at the origin. 

For the case v > 0 the theorem is trivial, since J, (0) 
henc all the terms of the series are zero. 

For v = 0 the general term of the series (12) becomes A,, since Jg(0) = 1, 
and therefore it may be reduced to the expression on the right-hand side 
of (15). From Lemmas 2 and 3* and a theor mt due to M. Riesz it follows 
that the first and second terms of this expression are the general terms of 
series summable (('}). The third and fifth terms are general terms of con- 
and the fourth term reduces to zero. Hence each term is the 
(3) and consequently the whole expression 
Our theorem is therefore established. 


= 0 for y > 0 and 


vergent series 
general term of a series summable ( 
is the general term of such a series. 


A GENERALIZATION OF THE RIEMANN-LEBESGUE THEOREM AND A FURTHER 
PRELIMINARY LEMMA. §7 


7. We will next obtain certain sufficient conditions for the uniform sum- 
mability (C3), in the neighborhood of the origin, of the series (12). We 
find it necessary to establish a series of lemmas before proceeding to the 


main theorem. 


? In applying Lemma 3, we note that if ¢ (2) satisfies the conditions of Lemma 2, so 


also does the function @(2) (2? + b) 
+Cf. Paris Comptes Rendus, 
theory of dirichlet’s series. 


12 June, 1911, also Hardy-Riesz, The general 
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Lemma 4. If f(y) is integrable (Lebesgue) in the interval (c,d) and (2x, y) 
is a continuous function of x and y in the region (A Sx=b; eSy=d), 
then the integrals 


(46) cos ny dy, f(y) y) sin ny dy 


will approach zero uniformly for all values of x in (a, b) as n becomes infinite. 
This lemma is a generalization of Lebesgue’s theorem that the Fourier’s 
constants of an integrable function approach zero as a limit.* The proof 
follows the same general lines as the proof of that theorem. 
We will consider only the first integral in (46), as the proof for the second 
integral is entirely analogous. Since f(y) is integrable we can choose M 
sufficiently great that for the set of points FE of (c, d) for which | f(y) | > M 


€ 


(47) 9) ny dy <j 
|7E 


where € is an arbitrary positive quantity. 

Let E, be the set of points of (c,d) complementary to E. Since f (y)is 
bounded on £, this set may be divided into a finite number of measurable 
sets €1, €2, ***, €p», in each of which the oscillation of f(y) is less than 


€ 
(48) °=4(M + K)(e—d)’ 
where K is the maximum absolute value of ¢(2,y). Moreover, each set ég 
may be enclosed in a finite or infinite set of intervals of measure m(e,) + 7, 
where 
(49) 
8SMKp 

Let I represent the totality of the intervals enclosing the sets e, and fi (y) 
a function of y agreeing with f (y) on £,, and on the other points of each set 
of intervals in which an e, is enclosed defined to have the value of f(y) at 
some point of e,. Then 


(50) [sme y) cos ny dy — fame, y) cos ny dy| 
JI 
< MKpn = 


Moreover, since ¢(.2, y) is continuous in a closed region and therefore uni- 


*L.e. §4; also Hobson, Theory of functions of a real variable, pp. 674-675. Lebesgue’s 
theorem is a generalization to the case of integrals of his type of the corresponding theorem 
due to Riemann. 


| 

| 

4 ( ) 
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formly continuous, we can subdivide the intervals of J in such a way that in 
each of the new intervals the oscillation of ¢ (2, y) is less than 6 for any value 
of xin (a,b). Then in each of these intervals the oscillation of f;(y)@)2, y) 
is less than (.M + A )6, for we have for any two values of y, y; and ye, in 


one of these intervals 
(r, 
= — 

+ < (M+ K)6. 


Furthermore, of the subdivided intervals corresponding to each set e,, we 
may choose a certain number r, in descending order of magnitude so that the 
sum of the remaining intervals is less than 7, 7 being defined by (49). Then 


yr) | 


y1) | 


(51) 


we have 


Jaw o(x, y) cos nydy — y) cos ny dy| 


(52) 


< MKpyn = + 


where /,, ; represents the ith interval of the r, intervals associated with e,. 
If we represent by ¢,, ;(2) the value of f;(y)@(2, y) for some particular 
value of y in the interval /,, ;, we have, in view of (51) and (48), 


Also, for all values of x in (a, 6), 


2MK (r+ re 


q=P i=r, ! 
zz} i=l i 


large enough to make the right-hand 
(50), (52), (53), and (54) 


( rn=m ) 


(54) 


If now we choose a value m of n, 
54) less than 3 €, we have on combining (47), 


side of ( 


f few, y) cosnydy <e€ 


Our lemma is therefore proved. 
Lemma 5. If 6(2, y) is integrable (Lebesgue) with regard to y in the interval 
(axy = d) and for any positive € 


= b) for all values of x such that (¢ S x 


| 
(53) 
| 
( 
( 
( 
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o(xr,y) dy <e 


when e is properly chosen, and if furthermore F(x, y,n) is a function that re- 
mains finite for all values of x and y in the region (a SySb; eSx=d) 
and all values of n, and ts such that 

lim F(x,y,n) =0 

uniformly for all values of x and y in the region (a+ 6 Sy=b; e 
where 6 is any quantity > 0, then 


lim =0 


a 


uniformly for all values of x such that (e Sx sd). 
A positive € being assigned, we may in view of the conditions of the lemma 
choose 6 such that 


| pats 
| € 
(55) (x,y) F(x,y,n)dyi <5 
Then, 6 being fixed, we can select an m such that 
| b € 
(56) <5 (. 


Combining (55) and (56) we obtain 


| b | 


and our lemma is proved. 


LEMMAS ON THE UNIFORM SUMMABILITY OF CERTAIN TYPES OF 
TRIGONOMETRIC SERIES. §§ 8-12 
S. Lemma 6. If g(y) ts integrable (Lebesgue) in the interval (0 Sy Sm), 
is continuous in the interval (0 = y =), and is such that g(y)/y'*?, where 
p > 0, remains finite as y > 0, and if furthermore the integral 


~~ “g(x + 2t) — 2g(r) + g(x — 2t) 
(a) dt 


exists and approaches zero uniformly with u for all values of x in the interval 
(0 <4 Se), then the series whose general terms are 


(58) COS NI G(y) cos ny dy, n sin ne G(y) sin ny dy, 


lig | 
e 
| 
| 
| 
| 
rn=m | 
| 
4 
| 
| 
| 
| 
% 
| 
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where 
g(a) 


(59) = gly) 


will be uniformly summable for all values of x in the interval (0 <2 Se). 

We will prove the lemma only for the series corresponding to the first 
term in (58), since the proof for the other case is entirely analogous. This 
term may be written in the form 


w 
(60) sf G(y)necosn(y+a)dy+5 G(y)n cos n(y — x)dy. 

In view of (33) the first Cesdro mean for the series whose general term is the 
first term of (60), is given by 


1 g(y) y sin (n +3 d 
SJ y sin nsin’(y+2) 


Sc sin? dx J, sin? (y+a) 3 “oy 


n sin (y+a)— 
l "9(y) 
(1 


q(x) sin? 3a y 
sin”? 


cos (n +1) (y +2) dyt+ 


y sin? 3 (y +2) 8x sin’ dx 


sin? x l 

sine} (y +a) sin? 3(y+a) yr 
If we break up the integral in the second term of (60) into /2* and /%, the 
first Cesdro mean for the series whose general term is the part of this term 
corresponding to the second integral may be written in the form (61) provided 
we replace (y + 2) wherever it occurs by (y — x), and use for the lower 
limits of the integrals 2x instead of zero. The discussion of the various terms 
of this expression is then found to be entirely analogous to the discussion of 
(61) as written above. We shall therefore carry through the latter discussion 
and omit the former one. 

It follows from Lemma 5 that as n becomes infinite the first and second 
terms of (61) approach zero uniformly for all values of x in the interval 
(0 <x =e). That the third term approaches a limit uniformly for all 
values of x in the same interval as n becomes infinite is readily apparent. 
If in the fourth and fifth terms we expand cos (n + 1)(y + x) in terms of 


(61) 
sJ, 4 
| 
( 
t 
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functions of (n + 1)y and (n+ 1)2, we may show by an application of 
Lemma 4 that these terms approach zero as a limit uniformly in the interval 
(0 <2 =c) as n becomes infinite. Thus it has been shown that the first 
term of (60) is the general term of a series that is uniformly summable (( 1 ) 
in the interval (0 <2 Sc). 

We turn now to the discussion of the second term. We pointed out above 
that the discussion of the portion of this term corresponding to / is analogous 
to the discussion of the first term. It remains then to consider the portion 
of the second term corresponding to f-". We have for the first Cesdro mean 
of the series whose general term is this portion 


sin (n+ 3)(y—2) —(n4+1) sin} (y 


8n sin? — 


If in (62) we break up the interval of integration into (0, 2) and (2, 2x), 
set y — « = — 2tin the first interval and y — 2 = 2t in the second, and then 
recombine and make use of (59), we obtain 


4 


ia sin? ¢ n sin t 


[2 9 2 


dt 


n F sin? ¢ 


mu 
sin? cos 2(n + 1)tdt, 


2t) — 2g(x) + 9(a — 2t) 


where the convergence of the various integrals, and hence the justification 
for breaking up into three terms, follows from the requirement on g(y) that 
the integral (57) exist. In view of the further requirement that this integral 
approach zero with uw uniformly for all values of x in the interval (0 < x = c) 
and Lemma 5, it follows that the first term of (63) approaches zero uniformly 
for all values of x in the same interval as n becomes infinite. That the second 
term approaches a limit uniformly for values of x in the same interval as n 
becomes infinite is readily apparent. It remains to discuss the third term. 

(Given a positive €, we may in view of the condition imposed on the integral 
(57) choose 6 < 3 x and so small that 


+ — 2t) 


(O4 
sin ¢ 


cos 2(n + 1)tdt <=. 


If in the portion of the third term of (63) corresponding to /;~ we reverse the 
transformations previously made, it becomes 


| 
4 
| 
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—25 1 
G(y) (n+1)(y —«)dy 


(65 
an G(y)= cos (n + 1)(y — x) dy 

If in each term of (65) we expand cos (n + 1)(y — 2) in terms of functions 
of (n + 1)y and (n + 1).2, it follows from Lemma 4 that for large enough 
values of n (65) is less in absolute value than 3 ¢ for all values of x in (0 < x 
=c). Hence the third term of (63) approaches zero uniformly for all values 
of x in this interval as n becomes infinite. 

We have now shown that each term of (63) approaches a limit uniformly 
for all values of x in the interval (0 < x Sc) as n becomes infinite. Hence 
(63) and therefore (62) has this same property. It follows then that the series 
whose general term is the portion of the second term of (60) corresponding 
to is uniformly summable (C1) in the interval (0 < 2c). As we 


have pointed out before the proof of the uniform summability of the series 


whose general term is the portion corresponding to is analogous to the 


proof of the corresponding fact for the first term of (60). Hence each term 
of (60), and therefore (60) itself or the first term of (5S) is the general term of a 
series that is uniformly summable (('1) in the interval (0 <x Sc). As 
pointed out before the proof for the second term of (58) is analogous, and 
therefore our lemma may be regarded as established. 

9. Lemma 7. If g(y) satisfies the first three conditions of Lemma 6, and 
furthermore the integral 


exists, and the function 


1 (“g(x + 2t) — g(x — 20) 
Je t 


(67) m(r,u)= It 

is such that its total variation in the interval (0 S u S y) approaches zero with y 
uniformly for all values of x in the interval (0 <x Sc), then the series whose 
general terms are 


(GS) n sin nx (i (y) cos ny dy, n cos nef G(y) sin ny dy, 
0 


where G(y) is defi ed by (59), will be uniformly summable for all values of x in 
the interval (0 <x Se). 

We will prove the lemma only for the series corresponding to the first term 
in (68), since the proof for the second term is entirely analogous. The first 
term may be written in the form 


122 [April 
S 
a 
a 
% 
4 
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(69) G(y)nsinn(y +2)dy ~ G(y)nsinn(y—ax)dy. 


In view of (39) the first Cesdro mean for the series whose general term is the 
first term of (69) is given by 


1\ ("9(y) | 
y (yta) (n+ 1)(y+ax)dy 


n 


1\ g(x) 32 
xsin?dx Jy +a) sin 


1 
X (n+1)(y+2)dy 


4J, y 


sin (n+ 1)3(y+2) 


1 
nsin3 sin(n+1)3(y+2) cos dy 


g(a) sin? 32 
xsin?saJ, sin?s(y+a) sin? ?3(y+2) 


sin (n+ 1)3(y+2) 


1 1 
1)3(y +2) cos3(y + x)dy. 


If we break up the integral in the second term of (69) into / and /;,, the 
first Cesdro mean for the series whose general term is the part of this term 
corresponding to the second integral may be written in the form (70) provided 
we replace (y + 2) wherever it occurs by (y — x), and use for the lower 
limits of the integrals 2x instead of zero. The discussion of the various terms 
of this expression is then found to be entirely analogous to the discussion of 
(70) as written above. We shall therefore give only the latter discussion. 

It follows from Lemma 4 that the first and second terms of (70) approach 
zero uniformly for all values of x in the interval (0 < x =c) as n becomes 
infinite. By the use of Lemma 5 we may establish the same property for the 
third and fourth terms. It follows then that the series whose general term 
is the first term of (69) is uniformly summable ((' 1) in the interval (0 < x 
=C). 

We turn then to the second term. As pointed out above the discussion of 
the portion of this term corresponding to /,. is analogous to the discussion 
of the first term. It remains to consider the portion corresponding to /,”. 
We have for the first Cesiro mean of the series whose general term is this 
portion 


123 

S 

—-(1 

4 

(7 )) 

; 

4 
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(n+1)sin(n+1)(y —2) sin$(y — x) 
— 2sin? (n + 1)3(y — x) cos} (y — x) 
(71) G(y) nsin®} y—a) “dy. 


If in (71) we break up the interval of integration into (0, x) and (2, 2x), 
set y — x = — 2t in the first interval and y — x = 2t in the second, and then 
recombine and make use of (59), we obtain 


1 l sin 2(n+1)t 
{g(a + 2t) — g(a — 2t)} sin? dt 


-(1 t _sin 2(n + 1)t 
n x J sint sin t 


1 /2 sl 2 t 
(g(a + 2t) — g(x — 2t)} cost 


2n 
2g(x) (7" sin’ (n + 1)¢ 


ne Jy sint t 


From the fact that g(a)/x approaches zero with x and the well-known 
properties of Dirichlet’s integral and Fejér’s integral it follows without diffi- 
culty that the second and fourth terms approach a limit uniformly for all 
values of x in the interval (0 <2x=c). It remains to consider the first 
and third terms. 
We may replace the first term by 


ar '2 9) = si 2 
(73) +3) g(x + 2t) — g(x — 2t) sin (n+ 
+ Jy t t 


for the difference between the two expressions has the form 


1\ (7? — sin? 
(74) i+3)f {g(a + 2t) — g(a — 2t)} ? sin? t sin2(n+1)tdt, 


which expression, in view of a theorem due to Hobson,* approaches zero 
uniformly for all values of zx in (0 < 2c). That (73) approaches a limit 
uniformly in the same interval may be shown by a discussion analogous to 
that given by de la Vallée Poussin in establishing a certain sufficient con- 
dition for the convergence of Fourier’s series.| ‘The function g;(2, “) 
defined by (67) corresponds to the function F (w) introduced in de la Vallée 
Poussin’s discussion, and the modifications necessary to establish uniformity 
*Proceedings of the London Mathematical Society, ser. 2, 
vol. 5 (1907), p. 277; also Theory of functions of a real variable, p. 683. 

+ Cf. Un nouveau cas de convergence des séries de Fourier, Palermo Rendiconti, 


vol. 31 (1911), p. 296. 


(72) 
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of approach are readily apparent. It was in order to secure this uniformity 
that the restriction upon F (uw) made by de la Vallée Poussin was replaced 
in the hypothesis of our lemma by a corresponding restriction of a uniform 
character. 

We turn now to the discussion of the third term of (72). We may replace 


x /2 
+ 2) — g(x — 


2n Jo 
since the difference between the two expressions, 


sin? — cos 


1 /2 
(76) {g(a + 2t) — g(a 2t)} 


sin (n +1)t 


- sin (n+ 1)tdt, 


is readily seen from Lemma 5 to approach zero uniformly for all values of x 
in(0 <a2zc). It remains to establish the same for (75). 

We break up the interval of integration in (75) into (0, a) and (a, 32), 
where @ is any positive number < 32, and consider first the part of (75) 
corresponding to the former interval. If in this part we integrate by parts, 
making use of (67), we obtain 


sin? (n+ 1)a 


9 
0 


sin” 1)t 
gi (a, 2t) = dt. 
N Jo t- 


9 
(2, 2a) 


That the second term of (77) approaches a limit uniformly for all values of x 
in(0Q <2=c)asn— &, provided we properly choose a, follows readily 
from the condition imposed on gi(2,u). The proof follows the lines of the 
well-known treatment of Dirichlet’s integral in the theory of the convergence 
of Fourier’s series, the necessary modifications being obvious. The third 
term of (77) may be replaced by 


‘ir sin? (n+ 1)t 

n Jy gi (x, 2t) sin? t dt, 

since their difference, for a proper choice of a, is readily seen to approach 

zero uniformly in (0 < z =c) as n becomes infinite. That (78) approaches 

a limit uniformly for values of x in the same interval may be shown by a 


it by 


126 CHARLES N. MOORE [April 


discussion analogous to Fejér’s proof of the summability of Fourier’s series,* 
the modifications to establish uniformity being apparent. The quantity a 
having been suitably chosen so as to secure the uniform approach to their 
limits of the second and third terms of (77), we may for this choice of a make 
the first term of (77) uniformly small for all values of x in (0 <2 Sc) by 
choosing n sufficiently large. 

Thus we see that each term of (77), and therefore the whole expression, 
or the part of (75) corresponding to /;, approaches a limit uniformly in 
(0 <2=c)asn —~, provided a is properly chosen. It is then easy to 
see that for this fixed value of a the part of (75) corresponding to /"” may be 
made as small as we please by choosing n sufficiently large. Thus it follows 
that (75), or the third term of (72), approaches a limit uniformly in (0 < z 
=c) asn—+o. Since we had previously established this same property 
for the other three terms of (72), it follows that the whole expression, or (71), 
has this property. Hence the part of the second term of (69) corresponding 
to /." is the general term of a series that is uniformly summable (C1) in 
(0 <asc). Since the same is true for the part corresponding to /-, it 
follows that the whole term has this property. since we had previously shown 
the same for the first term, it follows that (69), or the first term of (68) has 
this same property. The proof for the second term being analogous, our 
lemma may be regarded as established. 

10. Lemma 8. If g(y) satisfies the first thre’ conditions of Lemma 6, the 
series whose general terms are 


"G "G(y). 
(80) COS NI cos ny dy, sin na sin ny dy, 
0 


where G(y) is defined by (59), will be uniformly summable (C1) for all values 
of x in the interval (0 <x Se). . 

We will prove the lemma only for the series corresponding to the first term 
in (80), since the proof for the other case is entirely analogous. That term 
may be written in the form 


1 (7G 1 (7G(y) 
(81) cosn(y+x)dy+ cos n(y — x)dy. 


In view of (38) the first Cesdro mean for the series whose general term is the 
first or second term of (81), is given by 


*Mathematische Annalen, vol. 58 (1903-04), pp. 54-59. A more compact 
discussion in which the conditions on the function are in agreement with our present restric- 
tions, may be found in my symposium paper, Bulletin of the American Mathe- 
matical Society, ser. 2, vol. 25 (1919), pp. 259-260. 


P 
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y sin? (y+) y 4nx 


"sin? 3(n+1)(y+2) g(x) 


where the upper sign corresponds to the first term, the lower to the second. 
¥ It is readily seen that the third term in (82) approaches a limit uniformly 
for all values of x in the interval (0 < 2c) as n becomes infinite. It 
remains to consider the first and second terms. If in the second term, the 
upper sign being used, we set }(y + 2) =, it takes the form 


g(x) sin? (m + 
2nzt sin? t 


dt. 


From the second condition imposed on g(y), it is apparent that g(a)/z 
approaches zero with x. Hence, given an arbitrary positive €, we may choose 
a corresponding 6 such that (83) is less in absolute value than ¢ for all values 
of x in the interval (0 < 2 = 6) and all values of n. Then, 6 being fixed, we 
may choose an m such that (83) is less in absolute value than ¢ for all values 
of x in the interval (6 = 2 =c), provided n= m. Thus we see that (83), 
and hence the second term of (82), the upper sign being used, approaches 
zero uniformly for all values of x in the interval (0 < « =c) as n becomes 
infinite. 

We turn now to the consideration of the first term of (82). Since g(y)/y 
approaches zero with y, we may choose a 6 corresponding to an arbitrary 
positive €, such that 


(S4) 


sin’ 3(n + | ( ) 
4n y sin? 3 2 
Then, 6 being fixed, we may choose m such that 


| 
(S85) 


4 y sin’ 2 (y + x) 


"9(y) _sin’ 3 (n + 1) (y+ 2) 

( n=m ). 
Combining (84) and (85), we see that the first term of (82), the upper sign 
4 being used, approaches zero as a limit as n becomes infinite, uniformly for 
all values of x in the interval (0 <a Sc). 

We have now shown that the third term of (82) and the first and second 
terms, the upper sign being used, each approach a limit uniformly for all values 
of rn (0 <2 =c),asn becomes infinite. Hence the first term of (81) is the 
gone term of a series that is uniformly summable (C1) in the interval 


(0 <2=ec). It remains to establish the same for the second term. 
Am, Math. Soc, 9 
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If in the first and second terms of (82), the lower sign being used, we make 
the transformation y — x = 2t, and then combine them into a single term, 
they take the form 
1 q(x) sin® (n + 1)t 

at. 


(86) 2n, xv + 2t x sin? t 


Since g(2)/x is continuous in the closed interval (0 = x = ¢), and therefore 
uniformly continuous there, we may choose a 6 corresponding to an arbitrary 
positive €, such that 
(1 (“ g(x) | sin? (n+ 1)t n 


\2nJ_,| 2+ 21 x | sin? 


(87) 


Then, 6 being fixed, we may choose an m such that 


+ 2t) _ | sin’ (n+ 


(SS) 


1 (x sin? 1)t n=m 

8 


(89) x+ 2t x | sin’ t 4 


Combining (87), (S88), and (89), we see that the first and second terms of (82), 
the lower sign being used, approach zero as a limit uniformly in (0 < 2 = c) 
as n becomes infinite. Since the third term also approaches a limit uniformly 
in this same interval, it follows that the second term of (81) is the general 
term of a series that is uniformly summable (('1) in that interval. As we 
have previously shown that the first term is the general term of such a series, 
it follows that the whole expression (81) or the first term in (SO) has the same 
property. Hence our lemma is proved for this term and, as pointed out 
before, the proof for the second term is analogous. 

11. Lemma 9. If g(y) satisfies the conditions of Lemma 7, the series whose 


general terms are 


"G(y). . 
(90) cos nef y) sin ny dy, sm ne f y) cos ny dy, 
0 0 


where G(y) is defined by (59), will be uniformly summable (C1) for all values 
of x in the interval (0 <x Se). 

We will consider only the first term in (90), the proof for the second term 
being analogous. The first term may be written in the form 


(91) ny +5 f n(y — x)dy. 
In view of (32) the first Cesdro mean for the series whose general term is the 


*If 4x2 < 6, (88) is a consequence of (87) for all values of n; if } x = 6 we choose m so 
as to make both (S88) and (89) hold. 
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first term of (91), is given by 


y? 


sin3(y+a + x) 
sin (n+ 1)(y +2) 
8 Jo sn3(y+a2)  nsin}(y+z2) 
1 g(x) a? 
8 alte J, 
_sin (n + 1)(y + 2) 
sin 3 (y + nsind(y+2) 


dy 


where the p is the p of the third condition in Lemma 6. From the conditions 
imposed on g(y) it follows readily that each term of (92) approaches a limit 
uniformly for all values of x in (0 < 2 = ¢),asn becomes infinite. Hence the 
first term of (91) is the general term of a series that is uniformly summable 
(('1) in the above interval. It remains to establish the same for the second 
terin. 

The first Cesaro mean for the series whose general term is the second term, 
may be written in the form 


l (x 
y)_9 2 cot (y 2) dy 


dy. 


fg _ | sin (n+1)(y—2) 
0 


| oy « sin’3(y—2) 
If we break up the interval of integration for each integral in (93) into two 
parts (0, 27) and (2x, 7), the part of (93) which corresponds to the second 
interval may be put in a form that differs from (92) only by having 2x for the 
lower limit of the integrals, instead of zero, and by having (y — x) wherever 
(y + «) oceurs in (92). This part of (93) is readily seen to approach a limit 
uniformly in (0 <2 =e) as n becomes infinite. It remains to consider the 
other part. 
lf in this latter part we set y — x = 2t, it may be written in the form, 
9 


1 g(2 + 2t) 9(z) | sin 2(n + 1)8 


4n | x + 2t | sin’ ¢ a. 
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If we break up the intervals of integration of the integrals in (94) into (— 3 2, 
0) and (0,32), set ¢ = — ¢ in the integrals over the first interval and then 


recombine, we obtain 


(g(x + 2t) g(x — 2t) 
(+5) f | cot dt 


L 2t) g(x — 2t) | sin2(n+1)t 
~ 4n Jo | a+ 2t x — 2t | sin? ¢ 


The first term of (95) may be written in the form 


1 1 [2 1 
f 9 g(x — 2t)} cot tdt 


— 2t) 
~ (1 + x + 2t t cot t dt. 


It is readily seen that the second term of (96) approaches a limit uniformly 
for all values of x in (0 < x = ¢) asn becomes infinite. It remains to establish 
the same for the first term. That term may be written in the form 


(96) 


t 


2n 


n+1 — g(x — 2t) 
dt 


tcost — sint 


J g(t + 2t) — g(a 


2n 


(97) 


n+1 g(a+2t) g(x — 2t)| 


It follows from the conditions imposed upon g(y) that each term of (97) 
approaches a limit uniformly in (() <2 =e) as n becomes infinite. Hence 
(96), and therefore the first term of (95), has this same property. We have 
now to prove the same for the second term of (95). 

This term may be written in the form 


sin 2(n+1)t 
4n J, 2+ 2t ig(z + 2) — glz — sin? ¢ dt 


x—2t ssint nsint 


The second term of (98) may readily be shown to approach zero uniformly 


(9S) 


in (0 <a =c) as n becomes infinite. It remains to consider the first term. 


This term may be put in the form 


4 
(95) 
| 
4 
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; | 
4x t n sin t 


1 g (zx + 2¢ ) 2t) sin 2 ( n+1 ) 


t—sint sin 2(n+ 1) 
ig (z+ 2t) g(a t) re + 2t)tsint n sin t dt 


[g(r +2t) g(x 2t)|sin2(n+1)t,, 


4 + | x+ 2 n sin t 


The second and third terms of (99) are readily seen to approach zero as a 
limit uniformly in (0 < 2 = c¢) as n becomes infinite. The first term requires 
further consideration. 

If in this term we integrate by parts, making use of (67), we obtain 


1 sin 2(n + 
1 2(n+1)cos2(n+1)t 
+ ine sigs (2, sin 
sin 2 t t 
sin 2(n + 1) cos | 
00) sin’ t 
2n sin 
+2 2t) cos 2(n + 1)tdt 
teost sin2(n+1)t 
F 
g(x, 2t) sin ¢ sin 


7 We are going to show that the rizht-hand side of (100) approaches zero uni- 
3 formly for all values of x in the interval (0 = 2 < ¢) as n becomes infinite. 
a We must first establish an additional property of gi (a, uv). 

If we extend the region of definition of g(y) to the left of the origin by 
setting g(— y) = — g(y), it s apparent from the third condition imposed 
q on g(y) in Lemma 6 that it possesses a zero derivative at the origin. Hence 
g:(0, w) approaches zero with uw, and since g; (2, wv) is a continuous function 
of x for a fixed wu > 0 and approaches a limit uniformly for all values of 2 in 
(| <4 c) as approaches zero, it follows that we may make g;(2, u) 
as small as we please if we choose x and wu sufficiently small. Therefore we 
may choose a positive 6 corresponding to an arbitrary positive e, such that 
Fi the right-hand side of (100) is less in absolute value than ¢ for all values of x 
i in (0 < a6) and all values of n. Then being fixed, we may choose m 
so large that this same expression is less in absolute value than ¢€ for (6 < z 
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=c) and values of n = m.* Hence it follows that the right-hand side of 
(100), and therefore the first term of (99), approaches zero uniformly in 
(0 <2 =c) as n becomes infinite. Therefore (99) and hence (98), or the 
second term of (95) has this same property. 

We have now shown that each term of (95) approaches a limit uniformly 
in (0 <2 =c) as n becomes infinite. Hence (95), and therefore (94), has 
this property. Since (94) is part of (93) and the other part has this property, 
it follows that (93) has it. Therefore the second term of (91) is the general 
term of a series that is uniformly summable (C1) in (0 <2=c). Since 
we previously showed that the first term was the general term of such a series, 
it follows that (91), and therefore the first term in (90), has this same property. 
Hence our lemma is proved for the first term of (90) and, as pointed out before, 
the proof for the :econd term is analogous. 

12. Lemma 10. The series whose general terms are 


(101) (— 1)" cos nrv, (— 1)" sin nre, 


are uniformly summable (C1) in the interval (0 Sx Se <1). 

We may find the sum of the first n terms of each of these two series by first 
finding the sum of the first m terms of the series whose general term is 
(— 1)"e'"** and then taking the real and imaginary parts respectively for 
the two sums we wish to obtain. We thus find for the two sums in question 
the expressions 

cos + cos (n +1) 72x 
2 2(1+ cos 7x) 
(102) 
— sin rx + (— 1)"{sin nrz + sin (n + 1) 72} 
2(1+ cos rr) : 


From these expressions we readily obtain for the arithmetic mean of the first n 
sums in each of the two cases the following results 


cosmr+(-1 cos ( n+1)aex 


2 2n(1 + cos 72x) 


(103) 
sin 72 sin rz + (— 1)"*' sin (n +1) 


~ 2(1+ cos 2n(1 + cos 

It is easy to see that each of the two expressions in (103) approaches a limit 

uniformly in the interval (0 = x =e <1). Our lemma is therefore proved. 
Lemma 11. The series whose general terms are 


(104) n COs nef y sin ny dy, n sin ne fi y sin ny dy 
0 0 


are uniformly summable in the interval (0 Sa Se <7). 


*In connection with the second term on the right-hand side of (100) we need to apply 
here Lemma 4. 
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By means of the transformation ny = z, the integrals in (104) may be 
reduced to a form that is readily integrated, whence it is seen that the two 
expressions in (104) reduce to 


cos nx], sin nz]. 


It follows from Lemma 10 and a change of variable that each of these two 
expressions is the general term of a series that is uniformly summable in the 
interval (0 Sac <7). Hence the expressions in (104) have the same 
property, and our lemma is proved. 


LEMMAS ON THE UNIFORM CONVERGENCE OF CERTAIN TYPES OF 
TRIGONOMETRIC SERIES. §§ 13-14 


13. Lemma 12. The series whose general terms are 


(108) n COs ne f y cos ny dy, n sin ne y cos ny dy 
0 0 


are uniformly convergent in the interval (0 S22 Se <7). 

By means of the transformation used in Lemma 11 we are able to evaluate 
the integral in each of the terms of (108). These terms reduce thus to the 
form 


(109) (- 1pm sin nx 


on n° 


We have shown in Lemma 10 that the series whose general terms are the 
expressions in (101) are uniformly summable (C1) in the interval (0 = x 
=e <1). From a combination of this fact, a change of variable, and the 
theorem of M. Riesz referred to in § 6, we are able to infer at once the truth 
of our lemma. 

l4. Lemma 13. The series whose general term is 


(110) x? cos ne f sin ny dy, 
0 


where p is any positive constant, is uniformly convergent in the interval (0 S x 
=e<@). 

On evaluating the integral in (110), this expression reduces to the form 
(-- 2x? cos naz )/n when n is odd, and to zero when n is even. Hence the 
proof of our lemma resolves itself into establishing the uniform convergence 
of the series 


z’ cos 3x. x’ cos 5x 
4 (111) x? cos + 


in the interval in question. 


| 
x 
« 
is 
“4 
| 
| 
| 
| 
+ eee 


134 CHARLES N. MOORE [April 


We consider first the series 


(112) sin x + sin 3a + sin 


By the device of summing the first n terms of the geometric series e* + e° 
+ @'* +--+ and taking the pure imaginary part of that sum we obtain for 
the sum of the first n terms of (112), provided z is such that sin x + 0, 


1 cos 2nz 


(113) 2” 2sin2z’ 
But since 
cos nx 
(114) f sin = (n =1,3,5,---), 


we hav 


cos (2m + 1)2 2 2nx 
5 Pp = 7? == p 


It is apparent from the theorem of Lebesgue referred to in § 4 that the second 
term on the right-hand side of (115) approaches zero for any value of x > 0. 
If we can show that for any given positive € we can choose n so large that this 
term is less in absolute value than ¢ for all values of x in (0 <2 Se<7), 
our lemma will be established.* 

We have 


| 2nx 7/2 dy 
(116) vf Sole dx < x? to. — log 


We may therefore choose a 6 such that the second term of (115) is less in 
absolute value than ¢ when (0 < x S 4), for all values of n. Then, 6 being 
fixed, we may choose an m so large that this same term is less in absolute 
value than e€ when (6 <2 Sec <7) andn=wm.f Hence, as pointed out 
before, our lemma is established. 

Lemma 14. The series whose general term is 


(117) 2? sin ne sin ny dy, 
0 


where p is any positive constant, is uniformly convergent in the interval (0 = zx 


* The convergence of the series for z = 0 is obvious, since each term is equal to zero i 
that case. 
+ This follows from the relationship 

i 2cos 2nz sin 2nz 1 f7%sin 2nzr 


cos x dx 
4nsinz gin? z 


£ sin x 


obtained from an integration by parts. 


. 
se<s). 
n 
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If we evaluate the integral in (117), we find that the proof of our lemma 
reduces to proving the uniform convergence of the series 


z’sin 32 2? sin 5a 


(118) x? sina + 3 = 
3) 


+: 


in the interval in question. 
We consider first the series 


(119) cos x + cos 32 + cos 5a + -:-. 


By the device of the previous lemma we obtain for the sum of the first n terms 
of (119) 
sin 2nz 


(120 
) 2sinz 


But sinee 


(121) cos na dx = | 


sin =|" (— 1)? sin nx 


n n 


we have 


m=n—1 m 9 9 
1) _ (2m + 1)a sin 2nz 
2m + 1 2m+ 1 


Equation (122) furnishes a fresh proof of the well-known fact* that the series 
(11S) without the factor x°, converges to a constant value for all values of z 
between 0 and x. We shall use it further to prove the convergence of (118) 
to be uniform in the interval (0 = <7). 

We have from (122 


m=n—1 m m=n—1 9 
1) sin (2m 1) ow 


om +1 = 2n +1 
(125) 


Given an arbitrary positive €, we may choose 6 so that the right-hand side of 
(123) is less in absolute value than 3 ¢ for all values of z such that (0 < x S 6). 
We may then choose an m, so that for the same values of x and all values of 
n = m, the first summation on the left-hand side of (123) differs from the 
value to which it converges, }22°, by less than 3€. Then we have 
m=n—1 9 
sin (2m +1)2 
(124) — > wns 
2m + 1 
Now, 6 being fixed, we may choose an m, so large that the right-hand side of 
(122) is less in absolute value than $e for all values of x in (6 = x Sc) and 


ght ag 


n=m 


<e€ 


* Cf. Byerly, Fourier’s Series, ete., p. 39. 


=. 

tog 2 |. 
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all values of n = m2,* while the summation corresponding to the first term 
on the left-hand side of (122) differs from }22° by a quantity less in absolute 
value than }¢. Then we have 


,sin (2m + 1)a <e 


2m + 1 n= Me 


Taking m as the larger of the two numbers m, and m2, we have from a com- 
bination of (124) and (125) 


(125) 


| m=n—1 9 
sin (2m + 1)2z 
m=0 2m + 1 
Our lemma is therefore proved since the convergence of the series for x = 0 
is obvious. 


n=m 


FURTHER LEMMAS ON THE UNIFORM SUMMABILITY OF CERTAIN 
TYPES OF SERIES. §§ 15-17 
15. Lemma 15. If o(y) satisfies the conditions of Lemma 2 and if further- 
more x(y) = Vy o(y) satisfies the fourth condition imposed on g (y) in Lemma6 
and the second and third conditions imposed on g(y) in Lemma 7, then the 
functions 


Wy cos (qy — @), Vy sin (qy — 


(130) 
Wy o(y)ycos(qy—a), sin (qy—a), 
will satisfy the corditions imposed on g(y) in Lemmas 6 and 7. 

We will consider only the first function of (130) since the proof for the 
other functions is analogous. From the fact that ¢ (y) satisfies the conditions 
of Lemma 2, it is readily apparent that the first function of (130) satisfies the 
first three conditions of Lemma 6 and therefore the first condition of Lemma 7. 
If we represent this function by F (y), we have 


F(y + 2t) — 2F(y) + F(y — 2t) 
= cos (qy — a)[x(y + 2t) — 2x(y) + xy — 2t)] 
— 2 sin gt sin (qy + qt — a)[x(y + 2t) — x(y — 
— 4 sin’ gt cos (gy — a)x(y — 2t). 
— F(y — 2t) = cos (qy — a) [x(y + 2t) — x(y — 2t)] 
— 2sin gt sin (qy — gt — a)x(y — 2t) 


(131) 


— 2sin gt sin (qy + qt —a)x(y+2t). 
From these two equations and the conditions imposed on x (y) it is readily 


 * That this is possible follows from an integration by parts in the integral on the right- 
hand side of (122) similar to that given in a previous footnote for the integral on the right- 
hand side of (115). 


| 

(132) 
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inferred that F (y), or the first function in (130), satisfies the fourth condition 
imposed on g(y) in Lemma 6 and the second and third conditions imposed 
on g(y) in Lemma 7. Hence the present lemma is established. 

We find it convenient to introduce here the following notation, 


(133) = Acos[(nt + — a] + B[sin (nt a]. 


We are now ready for the proof of the following lemma: 
Lemma 16. The series whose general terms are 


1 
n®,, (x) Vy cos (qy — a) cos dy, 
0 


1 
(x) vy sin (qy — a) sin ny dy, 
0 


1 
®,(2) $(Y) 4b) sin (qy — a) cos dy, 
o wy 


l 
+ b) cos (qy — a) sin nry dy, 


will be uniformly summable (C1) in the interval (0 < x Se <1), provided 
(y) satisfies the conditions of Lemma 15. 

We will carry through the proof only for the first term in (134), since the 
proof for the other terms is analogous. If we substitute in this term for 
©, (x) its value, it takes the form 


{A cos (qa — a) + B sin (qx — a)}n cos nrx 


1 
vy o(y) cos (qy — a) cos nry dy 
0 


+ {B cos (qx — a) — Asin (qx — a)}nsin nrx 


Vy cos (qy — cos ny dy. 
0 


Since @(y) satisfies the conditions of Lemma 15, it follows from that lemma 
that Vy @(y) cos (qy — a) satisfies the conditions of Lemmas 6 and 7. 
Hence from these lemmas and a change of variable we infer that the series 
whose general terms are 


1 
n COS NTX Vy ¢(y) cos (qy — a) cos dy 


cos (qr — a) f 
nN COS y cos nry dy, 
x 0 


(136) 
n sin Vy cos (qy — a) cos ny dy 
0 


(2) cos (qx — 
Vx 


1 
n sin nee y cos dy, 
0 


4 134) 

: 
4 
a 
al 
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are uniformly summable (C1) in the interval (0 <2=Se<1). From 
Lemma 12 and a change of variable we infer the same property for the series 
whose general terms are the second terms of the expressions in (136). Hence 
it follows that the series whose general terms are the first terms in (136) have 
this property and therefore that the series whose general term is (135) has the 
same property. Thus our lemma is proved. 

16. Lemma 17. If the series un (y) is uniformly summable (C1) or uni- 
formly convergent in the interval (b < y =), then the series D) un(y)fn(2), 
where 

fa(z) =1 (n 


37 
a 


a being a positive constant and m being used to represent the largest integer such that 
(0 < mx <a), will be uniformly summable (C1) or uniformlu convergent respec- 
tively, in the region (b < yd; 0<x2=c), where c is any positive constant. 
For the case of convergence the proof follows readily from Abel’s lemma. 
For the case of summability the lemma may be proved by showing that 
the functions (137) satisfy, throughout the interval (0 < 2 = c) the conditions 
of a theorem* due to G. H. Hardy. These conditions require that a positive 
constant A exist such that 
n=v n=v 
(138) Dol <K, 
n=" 
for all values of uw and v and all values of x in (0 <2c). It will only be 
necessary to establish the first inequality in (138), since by virtue of a lemmay 
due to Bromwich the second is a consequence of the first. 
It is readily seen that the first inequality is equivalent to 


n=1 


Moreover, 


qi 
> (n+ 1) = (m+1)(1- 


n=1 
ai? 
») om 
+ (m+ 2) (1 Cer, 


( qi? 
~\ + (m + 3)? | 

qi 1 1 


*Cf. Proceedings of the London Mathematical Society, ser. 2, 
vol. 4 (1906), p. 263, Theorem 2a 1. Hardy does not prove the theorem for the case where 
the original series has variable terms, but the necessary modifications are obvious. 

TCf. Mathematische Annalen, vol. 65 (1908), p. 361. 


| 
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But we have, since mz <a=(m+1)2 


ai? qi? qi? 


(141) 
(m + gl? (m+1)’ 
149 1 +3)" — (m+ 2)? 
(142) (m+ (m+ 4+ <n +1’ 
1 ~ 1 1 1 
gi (n +1) nil? 2(n +} ye + (n + 2)'? 
(143) 


al? (n + (a+ 2)? ~ a’ 


where Ay, Ay, and Ky are positive constants. Combining these three in- 
equalities with (140), the inequality (139) follows at once and our lemma is 
proved. 


17. Before proceeding to the proof of the next lemma we find it convenient 
to make certain reductions and introduce certain new notations. From the 
asymptotic expansion* for J, (Av), equations (9), (11), and 


(144) sin (A, — a) = sin[(nr+q)a— a] 


which is readily derived in the same manner as (11), we obtain 


(Xn = Gn (a) + the cos + 9) — a] 


(145) +hk,x[sin (nt + al} + 3p Sin [(nr — a] 


¥ (a, 2) ¥(x,m) 
nil? nil 43/2 ? 
where the k’s represent constants and 
ky 
On (2) = ip Cos + 9) x — @] 
(146) 
ks 
We also set i 
Cf. formula 48 of Transactions I. ! 


j Here also the k’s represent constants. 


| 

| 

| 
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k ks. 
(147) = “2008 [(nr +q)a— a] + + a]. 


We are now ready for the proof of the following lemma: 
Lemma 18. The series 


cos 
f Vy o(y) Cay — dy 


= cos .cos 
+ bj (a Vy (qy—a)j sind dy 


j=m+2 


(148) 


j=m+l1 


. 
o(y), sin Cos . 
(2 vy (y+ b) (qy — a) sind TY dy 


4 sin cos . 
+ (2 +b) — &) dy, 


where m has the same significance as in Lemma 17, will be summable (C1) 
in the interval (0O< xe <1), provided (y) satisfies the conditions of 
Lemma 15. 

We will consider only the first series in (148), since the proof for the other 
series is analogous. It is readily seen that the former series may be obtained 
by introducing the functions f, (2) defined by (137) as factors of the successive 


terms of the series 


— 
(149) > ¢; (x) f vy o(y) cos (qy — a)j cos jry dy. 
j=1 0 
But, by Lemma 16, this latter series is uniformly summable (C1) in the 
interval (0 < «=e <1), and hence by Lemma 17 the first series in (148) 
is uniformly summable (C 1) in this same interval. 
Lemma 19. The series whose general terms are 


cos (qy — @) cos nry 


nd, (An vy o(y) 
0 


sin — @) sin nay" 
(150) 
y P sin (qy — @) cos nm 
Jo vy cos (qy — @) sin 


will be uniformly summable (C3) in the interval (0 Sx Se, <1), 
provided @ (y) satisfies the conditions of Lemma 15 in the interval (0 < y S e2). 

We will consider only the first expression in (150), since the treatment of 
the other cases is analogous. If we substitute for J,(X, 2) the value given 
by (145), the resulting expression may be written in the form 


i 

t 
4 
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kin + ke 


] 
(qx — @) cos nex vy cos — cos nry dy 
0 


hy n ko is 
Sin (qa —a)sinnrx | yo(y) cos (qy—a@) cos nry dy 
‘ de 
ks 
{sin (gz — cos + cos (ga — sin 


xf Vy cos (qy — a) cos dy + 


The last term of (151) is obviously the general term of a series that is uni- 

formly convergent in the interval in question and therefore uniformly summable 
('}) there. It remains to consider the other terms. 

Ve know from Lemmas 15, 6, and 7 that the series whose general terms are 


n cos max (y) (qy @) 
0 


qe — a) 
Vx 
(loz 
n sin ne 
(x) cos (qx — a) 
cos nry dy, 
Nex 
are uniformly summable (C1) in the interval (0 < # S ¢.). We know from 
Lemmas 15 and 12 that the series whose general terms are 
(153) nN COS y cos nay dy, n sin y cos dy, 
0 
are uniformly summable (C1) in that same interval. Combining these 
facts and making use of the theorem of Riesz referred to in § 6, we readily 
infer that the first, second, and third terms of (151) are the general terms of 
series that are summable (('3) in the interval (0 <¢; = Since 
the fourth term has this same property, so also does the whole expression 
(151), or the first expression in (150). As the treatment of the other expres- | 


siolis is analogous, our lemma may be regarded as established. 


LEMMAS ON THE BEHAVIOR OF CERTAIN SUMMATIONS OF 
TERMS. §§ 18-19 


Lemma 20. If a is the first positive root of the equation 


ty 
(154) Cos (70 — a) + aa sin — = ), 


| 

| 

1S, 
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where k, and ks are the k's of equation (146), then corresponding to an arbitrary, 
positive €, an integer p and a positive 6 exist such that the expressions 


“OS cos 


n Sl 
(155) 
o(y) ° sin cos . 
j n bj (a (y +b) ons (qy — a) sin? dy, 


where @; (a) is defined by (146) and m is the greatest integer such that (0 < mx 
<a),* are less in absolute value than € throughout the interval (0 <x = 6) 
when n = p, provided @(y) satisfies the conditions of Lemma 15. 

We find it convenient to begin by deriving certain properties of the functions 
dn (x) defined by (147), the a of that equation being taken as the a of the 
present lemma. Since a is a root of (154) and since mx < a= (m+ 1)e, 
we have 


Pm+ 1 ( uv) = ae 5 » 


in —a 


i 


sil 
(156) 
2hs ri(m+ + qr 
COS = —@ 


x sin 7 + ] —a}+ qe < By 


m 


where B, is a positive constant, since the second factor in each term of the 
second member of (156) is easily seen to be of order 1/m. Similarly we may 


establish 

(157) | < 

where By is a positive constant. 

If we set 

ky 
(158) h(v) = que C08 (me — @) + sin (mv — a), 


we have from the definition of @; (x) 


= h(jr) wiz Sin (jm + — a} sin > 


(159) 


+ + 3q) —a]sin->, 


* It should be understood that when (m + 2) > n, there are no terms in the expressions 
(155). 


i 
7 | 

( 
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whence 


(160) AG; (x) = 
B, and B, being positive constants. Furthermore we have 
(162) |h(jr) —h((g+1)x)| < (j =1,2,3,---), 
(1633) |h(jr)| < Be (j =1,2,3,---), 


where B; and B, are positive constants. 

\Ve will give the proof only for the first expression in (155), since the dis- 
cussion for the other cases is analogous. Let us represent by S (2) the value 
to which the first series in (148) is summable, and let us consider the series 
obtained from that series by substituting for the first term that same term 
minus S(w). This series will be uniformly summable (C1) to the value 
zero in the interval (0 <2 = c). Hence if we use €; (2) torepresent S;(2)/j, 
where S;(a) stands for the sum of the first 7 sums of j terms of this series, 
it is apparent that ¢; (2) approaches zero uniformly in this interval and there- 
fore, corresponding to an arbitrary positive €, we may choose p > 2 and 
such that 

€ 
<9 = + Be + Bia? + 2(r +1) (Boa + By) 

+ 2[ Bsa + + 1) Bel} 


( j=pP ) 
where the B’s are the B’s of (156), (157), (160), (161), (162), and (163), and 
rand ry represent respectively the number of times that h’’(v) and h’(v) 
change sign in the interval (0 <v < 2a). Then, p being fixed, we choose 
6 <a/pand < and so small that 


(1655) je (2) (2) +26 (2) } 


which we may do in view of the fact that A? ¢;(a) and A@;(x) approach 
zero With x uniformly for all values of 7, and €; (2) remains finite for all values 
of j and all values of x in the interval (0 <2=e). 

Since the series we are considering is uniformly summable (C1) to zero 
in the interval (0 < 2 =c), the expression 


vl 
f Vy cos (qy — a) cos ry dy — S(2x) 


—jt+l 


j=2 n 


(166) 


a(x) Vy cos (qy — a) j cos dy 
0 


j=n n —jt+ 1 1 » ° 
+> — Vy cos (qy — a)j cos jry dy 
0 


j=mt+2 n 
Trans. Am. Math. Soc. 10 


{ 
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can be made less in absolute value than 3 ¢ for all values of n greater than a 
certain fixed integer and for all values of 2 in (0 <2 =6). If we can show 
that the same is true for the sum of the first two terms of (166), it will follow 
that the third term can be made less in absolute value than ¢ for all values 
of x in (0 < x = 6) and all values of n greater than a fixed integer, and our 
lemma will be proved. 

The qth term of the expression formed from the first two terms of (166) 
may be replaced by (qe,(%) — 2(q — 1) €g-1 (2) + (q — 2) €g-2(2)), 
where we write e,(2) = e2(2) = 0. If we make this su stitution, drop 
the parentheses, and rearrange the terms so that terms involving the same 
subscript for the e’s are brought together, we obtain 


=. 
i+ 
+ (m + 1) €m41 (x) Em (x) (2) 


n 
Moreover, since 
” — + 1 


the first term of (167) takes the form 


69) je (x) (2) + (2) (2) 


We have from (161) 


(170) j=p+) 
+ 23 6 (2) ¥2(a,j). 


j=p+ 


But P 
(171) J (2) (r,j)| < Bs nz’ j < Bs nm’ < 


and if p;, po, -**, Ps represent the values of j at which A* h(jx) changes 
sign and we set p + 1 = po and m = pyi1, we have from (162) and (163) 


j=m i=e 


je (a) h (ix) | = nd A? h (jr) | 
j=pt) i=0 | j=pi 


| pith(pie) — h((pi + + h((pi + 1) 2) 
— (pin +1)2) — (pins +2)2)} —h( (pin +1)2)| 
<n(s+1)2(B,a+ S2(r+ 1) (Bsa + Be)n, 


( 

( 

4 is 

Ve 
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since obviously s = r. Combining (170), (171), and (172), we have 
j=m 
je (x) | < {Bya® + 2(r +1) (Bsa + Bs)}n 
j=p+1 
(0 <2 se). 
sy means of a similar discussion, making use of (160) and (163), we obtain 
for the second term in (169) the inequality 


j=m 


je (x) Adin (x) | < + 2(n+1)Bs}n (0 <2Se). 


=ptl | 


2 
(17-4) 
nj 
We have, moreover, from (156) and (157) 


(175) | (m + 1) €my1 (x) | < 2B, Um | (a) | < 


Combining (175) with (174), (173), (169), and (165), we find that (167) is 
less in absolute value than 3 ¢€ for values of zx in the interval (0 <2 = 6). 
Thus, as pointed out before, our lemma is proved. 

10. Lemma 21. Given an arbitrary positive €, we can choose a p and a 6 such 
that the expressions 


sin cos . 
F; (2x) (y + b) — sty dy, 


whe re 
(177) = {ke cos[ (nmr + q)a — a] 

+ sin[ (nz + q)z al}, 
and m is defined as in Lemma 20,* are less in absolute value than ¢ in the interval 
(0 <2 36) when n = p, provided $(y) satisfies the conditions of Lemma 15. 

We will carry through the proof only for the first expression in (176), since 
the proof for the other cases is analogous. 

We begin by defining 

(78) Fj(2) = {ke cos[(nr + —al (nt al}. 


ne 
The series 


(179) DF (x) Vy cos (qy — a)j cos jry dy 
j=1 0 


is by Lemma 16 and the theorem of Riesz referred to in § 6, uniformly con- 
vergent in the interval (0 < 2c). Hence by Lemma 17 the series 


*Sce also footnote to the statement of this lemma. 
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j=m+l 


1 
(x) Vy (y) cos (qy — cos jry dy 
(180) 
+ F(x) Vy (y) cos (qy — «)j cos jry dy 
j=m+2 
is uniformly convergent in the interval (0 <2#=c). We choose yu so large 
that in the series (180) 


j=n 


(181) uj (a) | <e, (n>p=z), 


j=p 
u;(x) representing the jth term of (180). Then we choose 6 = a/y, so that 
for any point in (0 <2=6), (m+2) Za/x 2a/bz=u. Under these 


conditions we have 


j=n 


j=m+2 
From (182) and Abel’s lemma, it follows that the first expression in (176) 
satisfies the desired inequality. 
UNIFORM SUMMABILITY OF THE DEVELOPMENT IN THE NEIGHBORHOOD 
OF THE ORIGIN. §§ 20-21 


20. Before taking up the proof of the next lemma, we find it convenient to 
make some further reductions. From (145), (177), the identity 


(183) A’ Yn = A’ fr + 2Agn + A? Jn ’ 
and the use of the Law of the Mean for derivatives, we have 


(184) nt) = + (2) + 
where 


(185) R,(«) = 


¥is,9) , y(x,n) 


Similarly, using the identity 


(186) Agn = Qn Afn + 
we obtain 
(187) AJ, (A, = Ad, (x) + 4F,, (x) + S, (x), 


where 


(188) S, (2) _ y(x,n) 


nil? 73/2 nil? 


We will also find it convenient to derive a few preliminary inequalities that 
will be of use in the proof of the next lemma. From the definitions of ¢, (x) 
and $, (a), given in (146) and (147), and the inequalities (156) and (157), 
we obtain for values of m and x such that mz < a S (m+ 1)z2, where a is 
defined as in Lemma 20, the following relations 


146 [April 

| 
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189) Di, < De, 
where D, and Dy» are positive constants. Furthermore, from the definition 
of F;(a), given by (177), we readily obtain for values of m and x such that 
me 
(190) | < Di, (m +1) < D3, 
where D; and Dy, are positive constants. Finally we have 
(191) | < Ki, | F,(2)| < Ke (nz =a); 
where A, and Ke are positive constants. 

LemMa 22. The series whose general terms are 


1 
cos cos 
nd, (Xn vy o(y) sin (qy — @) sin dy, 


(192) 


o(y), sin cos 
J, (Xn +b) (qy — a) sin dy, 


will be uniformly summable (C1) in the interval (0 < 2 Sc), provided $(y) 
satisfies the conditions of Lemma 15. 

We will consider only the series whose general term is the first term in (189), 
since the proof for the other cases is analogous. The series whose general 
term is n times the integral in the first term of (189) is summable (C1) by 
lemma 2. Let S be the value to which it is summable and let us replace the 
first term of the series we are considering by that same term minus SJ, (A; 2). 
If we can establish the uniform summability of the resulting series in the 
interval (0 <a Sc), it is thereby proved that the original series has the 
same property. 

Let us represent by ¢; the expression (S;/j — S), where S; indicates the 
sum of the first 7 sums of j terms for the series summable to S. Then, given 
an arbitrary positive €, we choose p so large that 

€ 

~ (2r + (r+1)Cida+ (5a? 
+ 10a + 12)M+D,4+ Di + De + Di + Ky, + Kp} 
(J=P), 

where r and r; represent the number of times that J{’ (2) and J; (2) respect- 
ively change signs in the interval (0, 2a), a having the same significance 
as in Lemma 20, the D’s and K’s are as defined by (189), (190), and (191), d is 
the upper limit of (An41 — An), M is the upper limit of the functions y (2, n) 
in (185) and (188), and ( and (; represent the maximum absolute value of 
J,(xv) and Jj (wv). Now, p being fixed, we choose > p and a positive 
6 < ¢, such that the first expressions in (155) and (176) are each less in abso- 


lute value than }¢ throughout the interval (0 < x = 6) for n = wy, and so 


(195) <9 


147 
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that 
j=up—' 
(194) i) xr) + (A <n (O<2=8). 


j=l 
By Lemma 19 the series we are considering is uniformly summable (C4), 
and therefore (C1), in the interval (6 = 2 = ¢). Hence we may choose 
pe So large that 
2> = Me 
(195) lon (2) —om(a)| 


where o;(.°) represents the arithmetic mean of the first 7 sums of the first j 
terms of the series in question. It remains to be shown that the same in- 
equality holds for the interval (0 <2 <6). 
We have 
o, = (um — 2) +>. uj J (Apr), 


where 


u;= Vy (y) cos (qy — @) cos jry dy. 
“0 


Furthermore, if in the above expression for o, (2) we replace u; by its value 
(€; — + drop parentheses, and rearrange terms according to 
subscripts of €, we obtain 
= ly Ad, (Ayr) + 2Ad, (Aju 
j=l 
+ €n (Ange 


(196) 
Three cases will arise here, according as m, the greatest integer < 
where a is the a of Lemma 20, is < p, lies between pandn, oris =n. We 
will discuss only the second case, since this discussion virtually includes the 
discussion of the other two cases. 
If we represent by pi, po, «++, ps the values of 7 between p and m for 
which A’ J, (A; 2) changes sign, and we set p = po, m = pyri, We have 


— 
J 


‘=e Pit 
<nd Dd jad, 2) 
” J=Pi 


(197) 
= | pill (Apt) — 


<2(s8 + 1)(C4+ = 2(r+1)(C 4+ da)y 


* In the case of the first term we replace — S ) by -- + It is understood, 
of course, that = = 0. 
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A\'so, if we represent by pi, pz, °-+, p.,, the values of j between p and m at 
which AJ, (Ajy1 #7) changes sign, and we set ps = p, pia = m, we have 


j=p 


| 
<2(8 + 1)Cn = +1)Cy 
Moreover, we have from (184) and (187) 
— ft jx) + 2M, (Aiur 


(199) 


j=mit 


j=mt+l j=m+2 


But, from (185) 


n-jtl 


j=m+2 


4 S 16 
(200) < nM ! ( m + | ye + m 5 ( m + za | 


4(15a* + 10a + 12) 
Also, from (ISS), 


< < 29M > aap | 


j=m+2 


8 16 16(5a + 6)M 
» 
2nM E m + 1)8? + 5(m +1)? | 15a°/2 


lt remains to consider the first summation on the right-hand side of (199). 


If we rearrange this summation according to subscripts of @ and F, it takes 
the form 


+ Fj Vy b(y) cos (qy — cos jry dy 


(202) n 


i! 
j=n 
| jon j 
» 
22 
(201) 
| 
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We have already chosen y; and 6 so that for values of z in the interval (0 < x 
= 6) and values of n = yw; the summation in (202) should be less in absolute 
value than }e«. Hence, making use of the inequalities (189), (190), and (191), 
we see that the expression (202) is for values of x in the interval (0 < x = 6) 
and values of n = uw, less in absolute value than 


bet (Di + Di + Do + Di + Ki + Ke)n. 


Combining this fact with (196), (194), (197). (198), (199), (200), and (201), 
we obtain 


lon (a) | (1+ (2r+2n +5)C+2(r +1) Ci da 


+4 


or 


(203) (2) — On, <e 


Combining (203) with (195), we have 


(204) on, — on, <e ( 0<25¢ ) 


no 
where we have chosen for u the larger of uw; and ws. Our Jemma is therefore 
proved. 

21. We are now ready to prove the following theorem: 

TueoreM II. If f(a) ts such that = f(x) —f(0) satisfies the con- 
ditions of Lemma 15, the development of f(a) in Bessel’s functions of order 
v(v = 0) will be uniformly summable (C4) in the interval (0S 2x Sc), 
provided vy = Oorf(0) = 

In view of Lemma 1 the general term ef the development (12) may be 
written in the form 


(a1 vn + xr) Ve cos [(nt + — a}dx 


+- (A, av) +b) sin {(nr + q)2 — aj}dx 


d (0 
n 


An 
where r, is the general term of an absolutely convergent series. We see at 
once from Lemmas 22, 2, and 3, and the theorem of M. Riesz referred to in 
the proof of Theorem I, that the first two terms of (205) are the general terms 


€ 
9 
|| 
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of series that are uniformly summable (C3) in the interval (0 Sa Sc). 
The last term is obviously the general term of a series that has the same 
property and the fourth term is zero under the conditions of our theorem. 
The uniform convergence in (0 = x = c) of the series of which the third term 
is the general term has been established in the course of the proof of Lemma 2 
f Transactions II. For if we take ¢ = 1 in the first expression of (51) of 
that paper, this expression reduces to the third term of (205), except for a 
constant factor. 

Since each term of (205) is the general term of a series that is uniformly 
summable (C3) in (0 = x = e), the whole expression has the same property, 
and our theorem is proved. 


VALUE OF THE DEVELOPMENT. §§ 22-24 


We will now show that under the conditions imposed on f (2) in the 


previous sections the value to which the development is summable at the 
origin and uniformly summable in the neighborhood of the origin, will be f (2). 
We begin by proving some lemmas. 
LemMa 23. If the function F(x) has a Lebesgue integral in the interval 
a), the series whose general terms are 


ne F(x ne de | 


F ( (x). na de} 


will be summable (C,k > 0) almost everywhere in the interval (0 S x S 7) 
and may be multiplied (i a function of bounded variation and integrated term 
hy term in this interval. 
Since, by virtue of the Riemann-Lebesgue theorem* the integrals in (206) 
approach zero as n becomes infinite, the expressions (206) are of the form 
a, cos nv, b, sin nx, where 
lim na, = 0 = lim nb,. 
nn 
Ilence the various terms of (206) are the general terms ef the Fourier’s series 
of summable functions, and consequently in view of well-known theorems 
are summable (C, & > 0) almost everywheret and may be multiplied by a 
function of bounded variation and integrated term by term over any interval. 
See footnote, § 7. 
Cf. Hardy, Proceedings of the London Mathematical Society; 
r. 2, vol. 12 (1913), p. 365. 
tCf. Young, Proceedings of the London Mathematical Society 
‘r. 2, vol. 9 (1910), p. 449. 
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LemMa 24. The series whose general term is 


1 
cos (qa —fa) cos nae Vx f (x) sin (qx — sin dx 
(207) 
+ sin sin nae Vx f (x) cos (qx — a) cos dvr, 


where f (x) is integrable (Lebesgue) in the interval (0, +) and q and a have the 
same significance as in equation (15), will be uniformly convergent in the interval 
(@S za). 
T ie expression (207) may be written in the form (cf. Transactions I, page 
412). 
Vu’ f(x’) sin[ g(a + x’) — 2a] sin nw (ax + 2’) de’ 
(208) 
Vx’ f(a’) sin g(a — 2’) sin nw (x — 2’) de’. 
Since, however, 
¥ : sin z — sin (n + 1)z+ sin nz 
sin mz = 
2(1 — cosz) 


sin z ons 
4 32 4 sin 32 
the sum of the first n terms of the series whose general term is the second term 
of (208) may be written in the form 


sin? $4 (x2 — 2’) 


sl = q (x = a’) sin ae’ 


(r—; 
(n + cos (n +3)a’ de’ 


sl 
+ Vir’ f sin (m+ 3)a sin (n + dr’ 


sin (2x 
The first term of this expression is independent of n, and in view of Lemma 4, 
the second and third terms approach zero uniformly in (0 S 2 = 1) as n 
becomes infinite. Hence the series whose general term is the second term of 
(208) is uniformly convergent in this interval. It remains to prove the same 
for the series whose general term is the first term in (208). 
From (209) we have for the sum of the first n terms of this series 

sin{qg(a# +2’) — 2a) 

sin’ (2 + 2’) 

sin[g(2 +2’) — 2a] 
sin + 2’) 


sin[q(a +2’) — 2a] 
sin 3m (a + 2’) 


cos (n + dr’ 


f (2’) sin (n+3)asin(n+3)a’ 


4 0 
i 
( 
3 0 
(: 
W 
+5) 
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This expression may be shown to approach a limit uniformly in (0 = z = 1) 
as n becomes infinite, in the same way that this property was proved for (210). 
provided we know that the expression sin [ q(x + 2’) — 2a]/sin 3 r(x + 2’) 
approaches a finite limit as x + 2’ approaches 2. But this has been shown to 
be the case on page 415 of Transactions I. Our lemma is therefore proved. 

23. Lemma 25. If f(a) satisfies the conditions of Lemma 1, the series (12) 
is summable (C, k > 0) almost everywhere in (0 < 2 = 1) and may be multi- 
plied by a function of bounded variation and integrated term by term over any 
intereal lying in this interval. 

Since f (a) satisfies the conditions of Lemma 1, A, may be replaced by the 
expression on the right-hand side of (15). Making this substitution for A, 
and replacing J, (A, 2) by its value as given by (145) and (146), we obtain 
for the general term of (12) an expression which, in view of Lemmas 23 and 
24 and the theorems about the Fourier’s development of a summable function 
referred to in the last footnotes, is the general term of a series that is summable 
((', k > 0) almost everywhere in the interval (0 < 2 = 1) and can be multi- 
plied by a function of bounded variation and integrated term by term over 
any interval in this interval. Thus our lemma is proved. 

LemMa 26. If f(x) satisfies the conditions of Theorem IT, the series 


(211) 


will converge uniformly in the interval (0 S x Sc), provided v = Oorf(0) = 0. 

We know from Theorem II that under the conditions of the present lemma 
the series whose general term is A, J,(A, 2) will be uniformly summable 
(C, 5) in the interval (0 = 2 =c). Since, in view of (9), we have 


it follows readily from this fact, the theorem of M. Riesz used in the proof of 
Theorem I and the expression for A, obtained in Lemma 1, that the series 
(211) is uniformly convergent in the same interval. 

In order to avoid the appearance of an exceptional case when the / and h 
of equation (1) are such that ly + h = 0, we follow the method employed by 
us on previous occasions* and replace the series (12) by the series 


A, F,(\n%), 


where, as before, 


*Cf., for example, Transactions I, pages 418-421. 


J, (Xn 

n 

1 

a= 
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(213) F,(d, = (de), 


and the \’s are the roots, positive or zero, of the equation 


(214) | + | 0, 
Ov 

arranged in increasing order of magnitude. Since the series (212) is identical 
with the series (12) except when /y + h = 0, and in that case only differs 
from it in the possession of an extra term that is finite and continuous,* all 
that we have proved with regard to the summability, uniform summability 
and term by term integrability with regard to (12), holds good with regard 
to (212). lence we infer from Lemma 25 that if f (2) satisfies the conditions 
of Lemma 1, the series (212) will be summable ((C, & > 0) almost everywhere 
in (0 <2 1) and may be multiplied by a function of bounded variation 
and integrated term by term over any interval in that interval. 

We are now ready to prove the following lemma: 

Lemma 27. If f(x) satisfies the conditions of Theorem IT and x (x) repre- 
sents the function to which the series (212) is summable (C,k > 0) almost 
everywhere in the interval (O <x = 1), we have 

(215) rx (ry Fy, Ap, = | 

Since, as we have just pointed out, the series (212) may be multiplied by a 
function of bounded variation and integrated term by term, we have the 
equalities 

(216) rx(r) = >A, | UF, ©) FL dx 
= (k=1,2,3,-+), 


where 6 is any positive number <1. But we have (cf. Transactions I, 
equation (113)) for all values of n + k ; 


| (Xn, Fy de 
(217) 


Moreover, since equation (1) may be thrown into the form (vl + h)J,(\) 
= IdJ,.,() (ef. Transactions I, page 397), it follows that J,., (A)//, (A) 
is constant for all values of \ which are roots of (214) and hence we see from 
(213) that the right-hand side of (217) vanishes at the upper limit. At the 


*L.c., page 421. 
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lower limit it takes the form 


6 
and since from (213) A, = % A,, and from Lemma 1, 4A, = Vay (n), the 
general term of the series on the right-hand side of (216) may be written in 
the form 
6 J (Xn 6) ¥i(n) 
(219 |v. 5) | 


We know from Lemma 26 that the expression (219) is the general term of a 
series that is uniformly convergent in the interval (0 = «=c). Hence the 
serics on the right-hand side of (216) converges uniformly in this interval, and 
therefore we may let 6 approach zero. But in view of the fact that for the 
different values of d; that enter, the functions vx F, (Ax, a) are orthogonal to 
each other, all the terms but one on the right-hand side of (216) drop out, 
and we obtain equation (215). 


“1. We are now ready to prove the following theorem: 


TuroreM IIL. Jf f(a) is such that =f(a) —f (0) satisfies the 
conditions of Lemma 15, and if 1, 2, As, +++ are the roots, positive or zero, of 
equation (214) arranged in increasing order of magnitude, then the series (212) 
will be uniformly summable (C, 3) to f(a) in the interval (0 = x Sc), pro- 
vided vy = 0 or f (0) = (). 


\Ve know from Theorem II that under the conditions of the present theorem, 
the series (12), and therefore the series (212), is uniformly summable (C, 3) 
in the interval in question. It remains to be shown that its value there is 
f(x). 

We have from Lemma 27 


where x(a) is the function to which (212) is summable (C, k > 0) almost 
everywhere in the interval (0 < 21). If we add to the definition of x (2) 
by supposing it to be equal to the value to which the series (212) is summable 
(C,}) at any points in the interval (0 S 2 Sc) at which the series is not 
summable (C, k > 0), the above equality is not altered, since we have at 
most modified the integrand at points forming a set of measure zero. But 
this further definition will serve to make x(a) continuous in the interval 
(0 = 2c), since the series (212) is uniformly summable (C, 3) in that 
interval. Hence x(a) — f(2) is continuous there, and in view of a lemma 
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proved by the writer in a previous paper* x (a) — f(a) = 0,orx (2) =f(2), 
at all points of the interval (0 = 2 =c). Our theorem is therefore proved. 


*Cf. Bulletin of the American Mathematical Society, 2d series, 
vol. 23 (1916), p. 25. 
University oF CINCINNATI, 
CINCINNATI, OHIO. 
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ONE PARAMETER FAMILIES AND NETS OF RULED SURFACES 
AND A NEW THEORY OF CONGRUENCES* 
E. J. WILCZYNSKI 


‘The analytie basis for any projective theory of congruences, in which the 
lines of the congruence are defined either by a pair of points or a pair of planes, 
consists of the invariant theory of a completely integrable system of four 
homogeneous linear partial differential equations with two dependent and 
two independent variables, two of the equations of the system being of the 
first order, and two of the second order. If the developables of the congruence 
are known, this system of differential equations can be written in a very 
simple form.¢ But the determination of the developables of a congruence 
requires the integration of two partial differential equations of the first order, 
and it seems highly desirable to possess a theory which will be immediately 
applicable to any congruence, whether its developables can actually be found 
explicitly or not. The considerations made by G. M. Greent show that the 
existing theory can actually be modified so as to cover all such cases. How- 
ever there are various ways in which this can be done and the various methods 
which might be used are not all equally desirable. Green himself has indi- 
cated one such method for the theory of congruences.§ But Green only 
indicated in a general way what was to be done without actually working out 
a complete theory. The great disadvantage which this particular theory 
would have, as compared with the one to which we are devoting this paper, 
is that only the final results would be of interest. The various types of in- 
variants corresponding to the transformations of certain subgroups would 

* Presented to the Society, December 30, 1919. 

| kk. J. Wilezynski, Sur la théorie générale des congruences. Mémoire conronnée par la 
classe des sciences. Mémoires publiées par la classe des Sciences 
de l’Académie Royale de Belgique. Collection en 4°. Deuxiéme séries. 
Tome III (1911). This paper will hereafter be cited as the Brussels Paper. 

tG. M. Green, On the theory of curved surfaces and canonical systems in projective differ- 

proj 
ential geometry, these’ Transactions, vol. 16 (1915). 

§G. M. Green, Projective differential geometry of one-parameter families of space curves and 
conjugate nets on a curved surface, American Journal of Mathematics, vol. 
37 (1915), and vol. 38 (1916). 
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have no geometric significance. There exists another method, worked out 
by J. M. Kinney* in an as yet unpublished thesis, which labors under the 
same disadvantage. 

The point of view of the present paper is to think of a congruence as being 
generated by a one-parameter family of ruled surfaces. If v is the parameter 
which varies from one of these surfaces to another, we consider first the sem- 
invariants and invariants of the individual ruled surfaces » = const. These 
can be written down at once from the known theory of ruled surfaces. Let u 
be the variable which picks out a particular generator of such a ruled surface 
v=const. If we now allow v to be variable while u remains constant we ob- 
tain a second one-parameter family of ruled surfaces whose generators belong 
to the same congruence of lines. The ruled surfaces u=const. and v=const. 
together constitute a net of ruled surfaces, and we shall show next how to 
find the invariants of this net. In terms of these we shall then obtain the 
invariants of the one-parameter family of ruled surfaces v = const. They are 
those invariants of the net which do not change when the second family of 
the net is changed arbitrarily. Finally the invariants of the congruence are 
those invariants of the one-parameter family of ruled surfaces v = const., 
which are not changed when we replace this family by any other one-parameter 
family of the congruence. 


1. THE DIFFERENTIAL EQUATIONS OF THE PROBLEM 


Let y™ and =, (k = 1,2,3,4), be the homogeneous coérdinates of 
two distinct points, P, and P,, of space. Let y“ and z be given as analytic 
functions of two independent variables 


(1) y =f) (u,v), 2) = v) (k =1,2,3,4), 


and let us regard as corresponding points P, and P,, those which correspond 
to the same pair of values u, v. Unless the ratios of the y“”’s and also the 
ratios of the z“’s reduce to functions of the same function ¢ of u and vz, the 
system of lines / obtained by joining all pairs of corresponding points will 
form a congruence. If in (1) we put v = const. we obtain a ruled surface of 
this congruence. Let us assume that the ruled surfaces v = const. are not 
developable; then the determinant 


‘ tk) Atk 
(2) D = |¥ 2 | 


le 


will not vanish identically,t and we can find a unique system of differential 


equations of the form 


* J. M. Kinney, On the general theory of congruences without preliminary integration. 
+ It is not necessary to assume that none of the ruled surfaces v = const. are developable. 
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Yuu + Pu Yu + Peru + = 0, 
+ P21 Yu P22 Zu +- 21 y + 22 0, 


satisfied by the four pairs of functions (y, 2). The coefficients pix 
and y;, can easily be expressed in terms of the functions f™ and g™ , since we 
are assuming that D is not equal to zero. Of course p;, and q;; will be fune- 
tions of v as well as of u. The projective properties of any individual ruled 
surface v = const. can be completely expressed in terms of the invariants 
of (3).* But the same thing is not true of the properties of the whole one- 
parameter family of surfaces. In fact equations (3) are satisfied also by the 
pairs of functions 


4 4 
i=l i=1 
where }%;(v) are arbitrary functions of v. For each constant value of v 
these equations represent a projective transformation of the corresponding 
ruled surface v = const.; but this transformation is in general different for 
different ones of these surfaces, and does not represent a projective trans- 
formation of the one-parameter family. 
Still starting from (1) and the assumption D ¥ 0), we see that we can find 
coefficients a;, and b;,, so that the four pairs of functions y™ , z™ will satisfy 
the following equations 


Yo = Yu + tbuyt+ bez, 
= a1 Yu + og Zu + bor y + doe z, 


(4) 


as wellas (3). It is easy to see that the most general pair of analytic functions 
which satisfies both of these systems of equations is 


4 
», ok 
k=1 


where ¢,, ++, ¢, are arbitrary constants. Consequently the system of four 
equations, composed of (3) and (4), may serve as basis for a projective theory 
of the one-parameter family of ruled surfaces x = const. — 

We have shown how to find such a system of partial differential equations 
for any one-parameter family of non-developable ruled surfaces, and it is 
evident that the resulting system will be completely integrable. It is also 
evident that any completely integrable system of this sort will define, except 

* i. J. Wilezynski, Projective differential geometry of curves and rules surfaces, Leipzig, 1906, 
p. 133. This book will hereafter be quoted as Proj. Diff. Geom. 

Trans. Am, Math. Soc. 11 
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for projective transformations, a one-parameter family of non-developable 
ruled surfaces. The modifications which become necessary for the case of 
a one-parameter family of developables will become apparent later. We 
formulate our results as follows: 

TuHEorREM. <Any analytic one-parameter family of non-developable ruled 
surfaces may be studied by means of a completely integrable system of partial 
differential equations of the form 


Yuu + Pur Yu + + + = 
Zuu + Por Yu + poz Zu + Gary + 


Yo = Yu + + buy + bez, 


= doy Yu + 22 Zu + bor y + bee 2; 


and every completely integrable system of this form defines a one-parameter 
family of non-developable ruled surfaces except for projective transformations. 
The notation is so chosen that the individual surfaces of the one-parameter family 
are obtained by equating v to a constant. 

2. THE INTEGRABILITY CONDITIONS OF SYSTEM (8S) 


If the coefficients pix, gix, Gi, biz, of (S) are chosen as arbitrary func- 
tions of u and v, the system will not be a completely integrable one. We find 
it necessary to obtain the integrability conditions for this system. From the 
last two equations of (S) we find, by differentiation and making use of the 
first two equations, the following expressions: 


Yur = C11 Yu + C12 Zu + dy, y+ dis 
= C21 Yu + C22 Zu + dary + dye z, 
C1 Yu tert thy 


€21 Yu + C22 2u + fory + 


where 
Cn = (11), 411 Pur Pa + bi, dy (bir )u 411 41 {215 
2 = (i2)u — Piz — G12 Por + bye, dig = (biz )u — — 
= (d21)u (21 Pu 22 Par + by, do — — G22 9215 


)u P12 P22 + boo, doe ( bee he 21 712 22 922» 


0, 
0, 
(S) 
| 
(6) 
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and 


€12 = + C12 + C22 + + 
= (21 doi C11 + 22 C21 + + doe 
(d22)y + 21 C12 + G22 C22 + + 

= (by + diy + ayo doy + bi, + dye bar, 
(Diz + + dog + + bo, 
(bor + dy, + doy + by, + doe bay, 

foo = + diz + doo + bor dig + 


These expressions for Yur, Zuv, Yous Zo», as Well as the expressions for Yuu 

and 2,, obtained from (S) in terms of y,, 2, y, 2, are determined uniquely. 
Sut if we proceed to calculate the third order derivatives of y and z, we see 
that some of these may be calculated in more than one way, and it becomes 
necessary to impose the condition that the two values obtained in this way 
shall be consistent. Of course the values of Yuxu and Yorr can be obtained 
from (S) in one way only. The value of y...» may be obtained from either 
of the two equations ‘ 

Ov Ou 


But since Yu» and Yo», as given by (6), were themselves obtained by differ- 
entiation of the game expression y, contained in (8), we obtain no conditions 
whea the two values of yuo» are equated. The same remark applies to the 
two values of Zu»... We do however obtain conditions upon the coefficients 
of (S) when we demand that 


Ou’ 


Yuur 


The conditions obtained in this way are of the form 
Yu + + vy + 62 = 0. 


If they are to be satisfied identically, that is, for all solutions of system (S), 
the coefficients a, 8, y, 6, must all be equal to zero, since we are assuming 
that the determinant D), given by (2), is not equal to zero. Thus each of the 
two conditions splits up into four relations between the coefficients of (S). 
We obtain in this way the following eight equations; the integrability conditions 
for the system (S): 


161 | 


E. J. WILCZYNSKI April 

(Puro + pir + Pre Cor + Gir + G12 
+ — C1 Pu — Cr Pa +du = 0, 

(Piz )v + Pir Cie + Piz + Gig + Giz 


+ (¢12)u — C11 Piz — C12 Por + die = 0, 


(par + Por Cir + poe Cor + Goi + G22 
+ (¢21)u — C21 Pur — C22 Par + dar = 0, 
( poz + Por Cre + Poe C22 + Goi Giz + 
+ (€22)u — C21 Piz — C22 Por + doe = 
and 
+ Pu dy, + Pr do, + qui bi + qi2 boy 
+ (dit)u — Gur — C12 Gar 
(qiz)v + pir dig + pro dos + bie + bee 
+ — C11 Giz — C12 
(10) 
+ por dir + poe dor + Gar bir + ba 
+ (dor )u — Cor Gur — C22 Gar = 
+ por dis + poz doe + gor biz + G22 
+ — €21 — C22 G22 = 
If these conditions are satisfied all of the partial derivatives of higher order, 
of either y or z, will be determined by unique expressions, linear and homo- 
geneous in y, 2, Yu, and z,; the existence of analytic function solutions of (S ) 
involving four arbitrary constants linearly and in homogeneous fashion follows 
at once, and the complete integrability of svstem (S ) is established. 
From the first and fourth of equations (9) we find by addition 
(11) (pir + + (er + + bur + bee), = 0. 
Consequently we may write 
(12) Pu + po = Pu, Dir + + C11 + C22 = — po, 
where p is a function of wu and v determined by (12) except for an additive 
constant. 
3. THE SECOND ONE-PARAMETER FAMILY OF RULED SURFACES 
DETERMINED BY (S) 


We have seen that a system of form (S) may be utilized for the purpose 
of studying the one-parameter family of ruled surfaces v = const. But 


(9) 
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clearly we obtain a second one-parameter family of ruled surfaces if we equate 
v to a constant. We may find the system (S’) which is most convenient 
for the purpose of studying these surfaces, by simple eliminations from equa- 
tions already deduced. 

The first order equations of (S’) may be obtained at once by solving (4) 
for y, and z,. If we substitute the values of y, and z,, obtained in this way, 
into the equations (6) for y,» and z,, we obtain the second order equations of 
system (S’). We find in this way; 

You $111 Yo + + t sez = 0, 
Zev + 121 Yo + 122 + + $222 = 0, 
Yu = Yo + thuiy t+ 
Zu = §21 Yo + G22 2 + hoy + 
where we are assuming that 
(1:3) dg = — Ae 
is different from zero, and where we have put 
(2 fir = a2 = — 
(14) az hyy = — 2 = — by, 


(lg hoy = a2 bi — ay boy 2 M29 21 bye — ay bos , 


and 
= — (€11 — 12 421), 2112 €12 — 


= — (€21 22 2 (d11 €22 — 


fi 2 | 
bi | ay 
boy 2 22 


for 2: 22 
by ay 2 2 2 Aye 
If ag = 0, the two first order equations of (S’) are replaced by 
(16) G22 Yo — Giz 2 + bor — y + (Giz box — by2)z = 0, 


which shows that, in this case, the ruled surfaces u.= const. are developable. 
This gives us the theorem: the ruled surfaces u = const. are developables if and 
only if 


= — dq, = 0. 


én), 
€21); 
(15) | 
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The system of ruled surfaces, composed of the two one-parameter families 
u = const. and r = const., shall be called a net of ruled surfaces. 


4. THE DIFFERENTIAL EQUATIONS OF THE SURFACES OF REFERENCE 


If we return to equations (1), we observe that P, and P, describe, in general, 
two surfaces S, and S, when u and v vary over their ranges. In fact we may 
regard these surfaces and a general point-to-point correspondence between 
them as being given in advance, for the purpose of defining our two one- 
parameter families of ruled surfaces, or the net composed of both of them. 
We shall speak of the surfaces S, and S, as the surfaces of reference. 

The differential equations of the surface S, are obtained from 


Yu — YW tony = — — bz, 
Yuu + Puyu t+ = Pir Zu — G22, 
— +tduy = — — dez, 


— Yu = C12 —fr2, 


by elimination of z, andz. The differential equations of S, are obtained from 


— 2 + boo z — 421 Yu — bor 

Zuu + Poe + + 222 Pr Yu — Fay, 
— Zuv + C22 Zu + + doe z C21 Yu — dn y, 
— + 2u + + €21 Yu — fay, 


by elimination of y, and y. 
From some very familiar theorems we deduce the following results. 
The curves v = const. are asymptotic curves on S,, if and only if 


| 


Pr 


(19a) 0. 


They are asymptotic curves on S,, if and only if 


a21 boy | 
19b 0. 
( P21 qos | 


The curves u = const. are asymptotic curves on S, or S, respectively according 


as the conditions 


| Ayo 2 | (20b) | be: at 


20 = 
(an) | | for 


are satisfied. 
The curves u = const. and v = const. form a conjugate system on S,, if and 


only if 


(: 
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| bre 
9 
(21a) | C12 dip 


the corresponding condition for S, is 


bey 
| Ca1 doy 


(21b) 


5. THE SEMINVARIANTS 


Let us transform system (8) by a transformation of the form 
(22) y = ay + 82, z= yy + 62, 
where a, 8, y, 6 are arbitrary functions of u and v, for which 
(23) A = ab — By #0. 


The result will be a new system of form (S) whose coefficients, p;,., Vix, Gx, 
and ,, depend upon a, 8, y, 6 and upon the values of pix, qix, aix, and dix. 
Geometrically, this transformation has the effect of replacing the surfaces 
of reference, S, and S,, by two other surfaces, S- and S;. The functions of 
Pit» ix, and which are left unchanged by this transformation, the 
seminvariants, are quantities whose values are independent of the choice of 
these surfaces of reference. 

The effect of transformations of the form (22) upon the coefficients of (S) 


is given by the following equations which are important for what follows. 
We find 


2(au5 — yuB) + pu ad + pro — pri oB — pre By, 
2(Bud — 648) + pir + pis — por — po» BS, 

= —2(auy — — puay — + + pe ay, 
— 2(Buy — dua) — pu By — pis + por a8 + pre a6, 


= Aun — Yuu + pir + Yud — Poi Qu — pre YuB 
+ + — Goi OB — BY, 
= Buu — bun B + pir Bud + pis bu 5 — por Bu iB — pre B 
+ qui BS + — — BS, 
— (Guu Yuu — Piz Yu + pri & + Pre Yu 
— may — + + quay, 
— (Buu Y — — pu Bu — du ¥ + Por Bu + Poe 6, 
— qu BY — + OB + ad, 


165 
| 
-°. 
Apu 
Api 
(24) 
Ape 
and 
Aqu 
(25) _ 
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either by direct calculation or else from the theory of ruled surfaces.* We 
find further 
= Bbay, + ay. — — Bba2, 
(26) 
— ayay, — + do, + ayar, 


= — — + aBaz, + 
= — ab + + au bain + Yu — Ay — Yu Bar 
+ abby, + — — 
— + 6,8 + B, day, + 6, — By — 6, Bare 


+ Bobi, + — ber — Bob», 


= Ay — — YA — Yu Ay + Yu 


— aybu — ¥ biz + ba + 
= —6,a — By yan — by + Bu ade, + 6, ade. 
— — + + abbey. 
From the theory of ruled surfaces we know that the quantities 
= 2(pirdu — + pir + Pre par, 
2( pie )u + (pu + pr), 
= 2(por)u — + par (pu + poz), 
= 2( — + + Piz Pars 
are transformed in accordance with the equations obtained from (26) if we 
replace ai by ui, and Gx, by ai,.t We express this fact by saying that 
the ay’s and uj,’s are cogredient for transformations of the form (22). 
From the u;,’s and p;,’s we form a new set of four quantities 
2 (11 )u + pig — Por Un, 
2 (2 )u + (pu — poz) — Piz — Ue), 
= — (pu — por) Mar + (1 — Ue), 
which are also cogredient with the u,,’s and therefore with the a;,’s.t The 
* Proj. Diff. Geom., pages 102-103. 


t Ibid., pages 96 and 103. 
t Ibid., pp. 99 and 100. 
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notation u;},’ indicates a process, defined by equations (29), by means of which 
from a set of four quantities, u;,, may be derived four new quantities, u;}’, 
cogredient with the former set. Clearly this process may be repeated, giving 
rise to four new quantities 


(11) 
Uik = Wir ,* 


also cogredient with the u;,’s. Any further application of this process to the 

’s is unnecessary, since the new variables obtained in this way are linear 
combinations of the u;,’s, and w;,’s with seminvariant coefficients.t 

The variables and are fundamental in the theory of ruled 
surfaces, but the variables a;, do not occur in that theory at all. Since the 
«,,’s are cogredient with the u;,’s we can now obtain further sets of cogredient 
variables by applying the process defined by (29) to the a,’s. Thus we 
obtain the new sets of cogredient quantities a‘j, , a jj’, ete. 

‘rom the theory of ruled surfaces we know that 


[= un + Ue, J = Uy — Uy 
kK — V21, L = wy — Wi2 
U11 — 11 — V225, — Wee 


A= 


| 021 


are seminvariants,{ a fact which may moreover be verified directly from equa- 
tions (29) and the cogredience properties noted. Of course v4; + v2 and 
Wy, + Wee are also seminvariants; we have not listed them since the relations 


enable us to express them as derivatives 6f I. Moreover A is really not 
independent of I, J, AK, L and of their derivatives, but it is so important a 
combination as to merit special mention. All of the seminvariants of a single 
ruled surface are functions of I,J, AK, L and of their derivatives with respect 
to 

From the cogredience properties which we have noted, it follows at once 
that the quantities 


ay = + dz = (11 G22 — 21, 
2(a1)u = at) + a, = aS) — ad), ete. 
are also seminvariants of (S). Moreover, if \ denotes an arbitrary constant, 


* Proj. Diff. Geom., p. 101. 
7 Ibid., p. 101. 

t Ibid., pp. 97 to 102 

§ Ibid., p. 101. 
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ay + Ate 
+ + Aline 
will be a seminvariant for all values of \. Consequently we find new sem- 
invariants of the following type: 
(a, = + U1 — U21 — U2, 
(33) 
(4,0) = + — V21 — Vig = (a, u™), ete. 
Of course, many of these are expressible in other forms. Thus we have, for 
instance, 
(33a) (u,v) = (u,u™) = 2J,, (a,a) = 2(a2),. 

The seminvariant A is a very important representative of a type of sem- 
invariants expressible as third order determinants formed from three distinct 
cogredient sets, and may be represented by the symbol 

A = (u,v, w) 
Clearly, we can form other seminvariants of this form, such as 
(34) (a,u,v), (a, u,v), (a,a™,u), etec.. 
All of the seminvariants obtained so far contain only the coefficients pi, gx, 
and a;,, of system (S), besides partial derivatives of these quantities with 
respect to u. 

In order to find seminvariants which involve the quantities b;, also, and 
partial derivatives with respect to v, we might operate in exactly similar 
fashion upon the coefficients riz, six, gix, hix of the system (S’) of Art. 3. 
But we shall show how to obtain simpler seminvariants of the desired kind 
by a different method. 

For this purpose we first re-write system (S) in a different form. We put 


(35) p= puy t+ Pez, o = 22, + pay + pez. 


The points, P, and P,, whose homogeneous coérdinates are given by these 

expressions are such that the line P, P, is a generator of the same set as P,P, 

on the quadric surface H which osculates the ruled surface v = const. along 

P, P., while P, P, and P, P, are two generators of the second set of H .* 
As a result of (35), the equations of (S) assume the form 


2pu + Pup t+ Peg = Uny t+ 
20, + pop + = UY + U222,F 
2yo + Tuy t+ Tez = Ap + aye, 


22y + Y + T2227 = An 


* Proj. Diff. Geom., p. 147. 
t Ibid., p. 148. 
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where 
= Pru + G12 Pa — = 411 Pio + Por — 2bi2, 


= Pur + 22 Pri — 2be 22 = M21 Piz + G22 Pox — 


sut corresponding to all transformations of the form (22), the variables, 
po and o, defined by (35) undergo the cogredient transformations 


p=ap+ Bo, o =p + 
Consequently it follows, by comparing the first two equations of (36) with 
the last two, and making use of the various cogredience properties already 
noted; that the quantities 7;,, introduced by (37), must be cogredient with 
the quantities p,, except that the partial derivatives of a, 8, y, 6 with respect 
to « which occur in (24) must be replaced by v-derivatives. 

‘rom this remark we conclude further that, from a set of quantities like 
a;,, oY any cogredient set, we can obtain a new set of cogredient variables if, 
in the process which is exemplified by (29), we replace the quantities p;, by 
7, and at the same time replace the u-derivatives by v-derivatives. We use 
an upper index 2 to indicate this new process. Thus, for instance, we obtain 

ayy’ = + G21 — T2112, 
(5S) 
ays’ = 2(ay2)o + — — — ae), ete. 

‘rom the quantities obtained in this way we form seminvariants as before. 

Thus 


ayy + aS = + ay? — aj? aS? = 


(50) 
(22) (22 


(22) 
— 


(22) 22 (2) ,,(2) (2) ,,(2) (2) 


are seminvariants. Moreover the two processes may be combined. Thus 
the quantities (a{i,’)® are cogredient with the quantities a,,, and give rise 
to a seminvariant 


(40) (aii?) (ay) — (ay?) = ay”; 


the similar formation which results when the two processes are used in opposite 
order may be denoted by aj*"’. 

We have noticed already that, from two or three sets of quantities cogredient 
with the a,,’s, bilinear or trilinear seminvariants of type (33) or (34) may be 
formed. By applying this remark to the new variables just obtained we 
find such new seminvariants as 


(a, u), (a, u®), etc., 


(a,a™,a®), (a, u,v), (a, u,v), ete. 
* Proj. Diff. Geom., p. 146. 
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6. THe FLECNODAL CANONICAL FORM 
Let us assume that 
(41) = (Ui — Ure)? + 


is not equal to zero. Then the fleenode curve on each of the ruled surfaces 
v = const. has two distinct branches. The locus of these curves is in genera] 
a surface of two distinct sheets which we shall call the locus of the fleenodes 
of our one-parameter family of ruled surfaces. We use this locution to avoid 
confusion with the flecnode surface, which is a ruled surface the locus of the 
fleenode tangents of a single ruled surface. In general, the totality of the 
fleecnode tangents of a one-parameter family of ruled surfaces will be a con- 
gruence of lines; the totality of the fleenode surfaces of a one-parameter 
family of ruled surfaces will be a new one-parameter family of ruled surfaces. 
We shall speak of them as the congruence of flecnode tangents, and the one- 
parameter family of flecnode surfaces respectively. Again the congruence of 
fleenode tangents should not be confused with what we have formerly called 
the flecnode congruence of a single ruled surface. The locus of these for a 
one-parameter family of ruled surfaces gives rise, in general to a complex, 
the flecnode complex of the family.* 

If the two sheets of the locus of flecnodes are distinct, that is, if 0; ~ 0, 
we may use them as surfaces of reference for the system (S). We shall then 
have 
(42) = Uy, = O, — Use O.F 


If these conditions are satisfied, they will still be satisfied after any trans- 
formation of the form 
y = ay, 


and a and 6 may moreover be chosen, according to (24), in such a way as to 
make pi; = po. = 0. Thus, if 6; 0, we may suppose 


(43 Uo = Uy, = O, — Ux Pu = po = 0. 


When the coefficients of (S) satisfy these conditions and one other condition 
to be formulated presently we shall say that (8) is in the flecnodal canonical 
form. 

We propose to show that all of the coefficients of the fleenodal canonical form 
are expressible in terms of seminvariants of the original system (S). 

In fact we have,t under the assumption 0; ¥ 0, 010 ¥ 0, 


* Proj. Diff. Geom., pp. 146-153, and pp. 175-190. 
t Ibid., pp. 149-150. 
t Ibid., p. 120, equ. (102). 
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Pu = 0, Gu )us 


q 9 
} du -i 6, du 
Pr = € 
4 


1 ” 
(44 => 16640 = Vio + S65 6, 9(6,)*] SV6;, 


l ad 
16610 — dio t+ 86, 6, 9(6,)*] + 8 


where 6; has already been defined, where 8, is the same as the quantity A de- 
fined by (31), and where 


= (? —4/)(K — 1,)? + (1, 

(te — M12)? — 4[ — 
— — Mie) [ — U2) — — M2) 
= 805 — 9(0s)2 + 816%. 


These quantities 6;, 09, 010, dio are, in fact, not merely seminvariants of (S ); 
they are invariants of the one-parameter family of ruled surfaces x = const.; 
Jj) in particular is the so-called quadri-derivative of 0, and is usually denoted 
by @,.;, a notation which we shall have to abandon to avoid confusion in our 
later developments. Since the eight coefficients, p;, and qix, of the flecnodal 
canonical form are now expressed in terms of 64, 09, 019, and #9, and since 
these quantities are functions of J, J, A, L, and of their partial derivatives 
with respect to u, it only remains to show that the remaining eight coefficients, 
a, and bj, of the fleenodal canonical form can also be expressed in terms of 
seminvariants. For this purpose we consider the seminvariants 


a) = + = 11 — Aye A21; 
(a, U) = Use + dee Uy, — Ayo U2] — Up, 
— Uys — tee, 11 — Ve2 
(a,u,v) = Ay. 


In the canonical form, we have wy. = v2, = 0, and owing to the assumptions 
0, O19 A 0, the quantities — we, and v2; will not be zero. Con- 
sequently equations (46) enable us to express the four coefficients a; of the 
canonical form in terms of a;, (a, u),(a,u,v)and],J/, AK, Land their 


derivatives. 
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Let us consider next the seminvariants 


(2) 


2 ( 
a? = + a, a 


2 (2 
= af} — 


(a, u) = af? Ue + a un — af? — ne, 


1 1 2 


(a,a%,a) =| aye, a\?, 


(121, ay), 


the first of which, a, need not be mentioned explicitly, since it is equal to 
2(a,)». If the cofactors of a} and af in (a, a, a®) are not both equal 
to zero, these equations enable us to express the values of a, for the canonical 
form, in terms of the seminvariants mentioned previously and of a}, (a, u 
and (a,a™,a®). According to (38), we obtain in this way seminvariant 
expressions for m2, m2, and m1; — m2. The integrability condition (11) 
may be written 


(48) (m1 + )u — + 22 = (Pir + poe)o- 


In our canonical form, we have pi; = pes = 0, so that (48) enables us to 
conclude that 
+ T22 — (Au + dy), = V(r) 


is a function of v alone. But any transformation of the form 
y=a(v)y, 


where a and 6 are functions of v alone, preserves the conditions pi; = p22» 
= = Us; = and transforms 71; + — (a4; + doo), into 


v 
Ti + To — + = + — + + 


Consequently, by choosing a(v) and 6(v) in accordance with the condition 


» , , 
= + T2 (ay + d22)u] (v), 


we may make 7; + 722 — (G11 + G22), equal to zero. Let us assume that 
this transformation has been made, so that 


(48a) + To = + )u5 
this is the condition mentioned above, which together with 
Ue = Un = Pu = Px = 


characterizes the flecnodal canonical form of system (8). 
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By means of (48a), 711 + 722 is expressed in terms of seminvariants; since 
we have shown before that 712, 72:, and 71; — 722 may be expressed in terms 
of certain seminvariants, it follows that all of the 7;x’s can be thus expressed. 
Finally, equations (37) show that the same thing is true of the bj,’s. 

We have obtained the following result. Jf 6; and 600 are different from zero, 
and if the co-factors of av} and af} in (a, a®, a”) are not both zero, all of the 
coefficients of the flecnodal canonical form are functions of the eleven seminvariants 


1,J,K,L, a, a, (a, u), (a, u,v), a?, (a®,u), (a, a, a), 


and of partial derivatives of these seminvariants. 

rom this theorem it follows at once that any seminvariant of (S) can be 
expressed as a function of the eleven seminvariants mentioned and of their partial 
derivatives, provided that 0, and 0,9 do not vanish, and that at least one of the 


is not equal to zero. 


cofactors of or in (a, a 

lt is known from the theory of ruled surfaces that the cases 0; = 0 and 
#,, = 0 are really exceptional; that is, in these cases the coefficients of the 
canonical form can not be expressed entirely in terms of the seminvariants 
mentioned. The additional distinction, however, as to whether the co- 
factors of af} and a} in (a, a™, a®) do or do not vanish, might be avoided 
by substituting for (a, a, some other seminvariant, such as v) 
for instance. We prefer, however, to retain (a, a, a™) for reasons which 
will become apparent later. 


7. INVARIANTS OF THE NET 
The seminvariants are those combinations formed from coefficients of (S ) 
whose values are independent of the choice of the surfaces of reference, S, 
and S.. But the value of a seminvariant is not, in general, independent of 


the parametric representation of the ruled surfaces of the net. If we make a 
transformation of the form 


(49) U(u), 


Where U(u) and V(v) are arbitrary functions of the single variables indi- 
cated, the parametric ruled surfaces of the net are left unchanged, but their 
parametric representation is altered. Those functions of seminvariants 
which are not changed at all by any transformation of form (49) shall be 
called absolute invariants of the net. A seminvariant 6;,;, which is trans- 
formed in accordance with the equation 


shall be called a relative net invariant of weights k and l. 
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The theory of ruled surfaces supplies us with a number of such net-invariants. 
The fundamental invariants of this sort are those denoted by 04, 95, 010, and 
8,9, in Article 6. Moreover the theory of ruled surfaces enables us to form 
all net-invariants which depend merely on the coefficients p;, and gi,. They 
are obtained from the four fundamental ones by certain simple differentiation 
processes. * 

In accordance with the general notation 6,,; just established, the four 
fundamental net-invariants 6;, 05, 910, dio shall now be denoted by 64, o, 
65,0, 910, 0, and do, 9 respectively. 

In order to be in a position to find the remaining net-invariants, we stud) 
the effect of a transformation of form (49) upon the coefficients of (S). We 
find the following transformation equations; 


Pu = +7); 


(50) 
ik 


where 


(51) 
From these equations, the following may be deduced; 


1 1 
= t+ 2H), = 


where 


(53) 


is the Schwarzian derivative of U with respect to u. We find further 


- l l 
(54) [ = + 4h), J = 


(J + 2ul + 


and 


— + — Sun), = (U’)3 (ti2—-4U12 7), 


| | 
= (U’) — 7), = (U7 — + Sun), 


where yp’ is the derivative of yu. 


* Proj. Diff. Geom., p. 121. 
+ Compare Proj. Diff. Geom., p. 104. 


Piz P21 1 
Piz P21 Pox = (P22 +1), 
U’ i bix 
| 
(52) 
| 
| | 
(55) ( 
( 
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The invariance of 64, 9, 99, 0, 910, 0, and #10, » has been established already. 
To obtain the remaining fundamental net-invariants, we must find the effect 
of these transformations upon the seven seminvariants a), a2, (a,u), (a, 
u,v),a?, (a, u), and (a, a™,a®). From (46) and (50) we see that 


(56) a, = pr a> = a2. 


Therefore a, and az are relative net-invariants which may be denoted by 


6_1, 
Of course 
(57) A = aj — 4a. = (ay, — dog)? + a2, 


is also a relative net-invariant. The special importance of A will appear 
later. 
We find further ‘ 


1 
(58) (a,u) = + 
Combining this with (54) and (56), we see that 
(59) = (a, wu) — = — aye — U2 — (G11 — Gee) (U1 — U2) 


is a new net-invariant. The seminvariant (a, u,v) is transformed in ac- 
cordance with the equation 


(a,u,v) = pila, u,v), 


so that 
(60) 44,1 = (a, u,v) 
is a net-invariant. 

We find further 


Tik = + 


1 U’ 
(61) = (ai + na), (ax); = (aik)u — Sax), 


where 
(62) 
so that 


U' 
(ai? + 2naix), a = \2 (aie — 


(V") 


Consequently we find 
Trans, Am, Math. Soc, 12 


vy" 
f= ’ 
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4¢ ( (lg + a2 ] 


(G4) u) 


u) — 26 (a, u) (a1 )e — 4ufay |. 


(U’) 


(a,a™,a®) a,a™ 
’ ) ( | ) 
Thus, the seminvariant 
(65) 6.» = (a,a™, a) 


is also a net-invariant, and it remains to find two further net-invariants, one 
involving and one involving (a, uw). 
Let us introduce the seminvariant 


(G6) Am (a)? 
analogous to .1. We find 


(2) 
(G7) | ( 


— 404, + 


Moreover we have 


— U’ 
er 


(GS) (ADs 
Consequently 


65.6 = AA™ — = (ai — 4a.) [ (al)? — 
— 4[a,;(a,), — 


(69) 


is a new net-invariant. 
Finally we find, from (58), 


(4, W)s = (Gs — F(a, + (aide 


which proves that 
(71) = (a, u) — 2(a,u), = — (a, u™) 


is a net-invariant. 
From the results of Article 6 it now follows that all of the coefficients of the 
fleenodal canonical form can be expressed in terms of the net-invariants 


60, 4, 90, 9, 90, 105 Bo, 10, G2, O1,1, 04,1, O-4,6, 81,2, O-2, 4. 
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These eleven net-invariants may therefore be regarded as fundamental. In 
fact, if they are given as functions of uw and v, the net of ruled surfaces is 
determined except for projective transformations, and all other net-invariants 
are expressible in terms of these eleven and others derived from them by 
certain differentiation processes. Of course the eleven invariants cannot be 
assigned arbitrarily. The relations which exist between them can be found 
by writing the integrability conditions for a system (8) in its fleenodal canoni- 
eal form. 


S. INVARIANTS OF TIE ONE-PARAMETER FAMILY OF RULED SURFACES 
v = CONSTANT 


If we transform our system (8) by a transformation of the form 
(72) i = p(u,v), 6=V (ce), 


where @(u, v0) is an arbitrary function of both u« and v, while V'(v) is an 
arbitrary funetion of v alone, the one-parameter family of ruled surfaces 
const. will coincide with the family » = const., but the family 7 = const. 
will not coincide with « = const. In fact the ruled surfaces 7 = const. may, 
hy choice of @(u, v), be made to coincide with any one-parameter family 
made up of the generators of the ruled surfaces v = const. Consequently, 
those combinations of net-invariants which remain invariant under all trans- 
formations of form (72) will be invariants of the one-parameter family of 
ruled surfaces v = const. 
If we again use the notation pix, qix, ete., to denote the coefficients of the 
system of differential equations obtained from (S) by a transformation of 
form (72), we find 


uu 
Pu = (mn + Sus), 


pr (an du —dv); 


Pu 1 
pra 22 = (G22 bu — dv), 


Pi2 
gu 
poe = | Poe + —— 
Pu du du 
73) Vik biz 
Vik = Dik = 
J 
- Pu 
= aye = yeu, 
4 
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whence 
1 


+ 2p), 


iy = 
(74) ter 


1 1 2 
di = (a1 bu — 260), = (a2 bu — bu bo + Oo), 
(V’) 


where 


We see that the net-invariants a, and a» are not invariants of the one- 
parameter family; but if we put, as before, 


A = aj — 4a, 
we find 
(76) 
so that A is such an invariant. 

It is evident that 65,0, 9. 0, 910, 0, and #0, 9 are invariants of the one- 
parameter family of ruled surfaces. The formulas (74) enable us to verify 
that the same thing is true of 6;,:. In order to investigate the effect of (72) 
on 65.1, 0-4,6, 91,2, and 4, we must first obtain formulas for 
and @3.. 

If 6 is any function of u and v, we have 


(77) 


a6 1 30 =f 


dub, Ou’ 
Consequently we find 


1 
— Teo = — M22 — 4( — 
1 3 


by making use of (73), (74), (77), and.the equations which define v;,. From 
(73) and (77) we find 


[April 

1 

| 

(78) 
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= 


(ands = — oo 


1’)? (diz), dv 
(V’)? (aa); = — 


(dee); — 


= 


(SO) V’ wy. 


Making use 


(421) x + 


)u + 
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uu 


Ju + an 


|, 
Dun a | 

Pu 


Pu 


Duv 


Pun 
du 


Dun 
+ 


du 
+ Pu | 


Pun 


Duv 
)» + are 


| (d22 )u + 


>» 
Pu 


Dun 


Pu 


) 


of (79) and (SO), we now find 


=(1) 


u 


(a12)u + + du (are), + 


| + + du [ (lo) + 


- fia +> 


Gu 
Pur 


— — 


Puv 


— 


u 


Du u 


+ 
Ou 


Puv 
] 
(42), 
] 
| 
—| 
Pu 
From the equations (73) and the definition of 7,, we deduce the following: 
dy Dun 
do» Duu 
Pu du 
= — px + | a» — 
Pu 
=(1) (1) Puu Pu 7p =(1) a) Puu 
= af) + 2a 25 ay = + 2aye 
(S1) 
- ( Pu u Pu u Pu v 
V’ ay = aS? + 2a —, mM = a + — 2— 
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— du 


dev 


9 
+ 


Jas, 


These formulas enable us to verify, at a glance, that the net-invariants 
6; , and 6_s, 4 are invariants of the one-parameter family as well. It remains 
to determine the effect of the transformation on the net-invariants 64 , 
and @;, », and to find two further invariants of the one-parameter family from 
these two net-invariants. 

This may be accomplished as follows. Equations (74) show that we can 
make @, = 0 by choosing for our new variable i = @(u, v) a solution (differ- 
ent from @ = const.) of the differential equation ° 


(83) a, dy — 26 = 0. 


Moreover, the most general solution of (83) will be an arbitrary function 
of 7. Consequently, the one-parameter family of ruled surfaces v = const. 
determines uniquely a second one-parameter family of ruled surfaces a 
const., the two families constituting a net for which the net-invariant a, has 
the value zero. We shall call this second one-parameter family of ruled 
surfaces the conjugate family. Since it is determined uniquely by the original 
family, it is clear that the invariants of the net formed by the given one- 
parameter family and its conjugate family will be invariants of the one- 
parameter family as well. We shall call such a net a conjugate net of ruled 
surfaces, and we shall explain later the geometric relation between the ruled 
surfaces of the two conjugate families. 

From every net-invariant we obtain an invariant of the one-parameter 
family, by subjecting it to the general transformation of the form (72), and 
then substituting in the expression thus found the following values, derived 


from (S35); 
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and 
(2) « Pun 
(| Giz’ = du — bv + 2 | Gav — be 
(S82) 
( asi Pu Pv + 2 dr = Pu ’ 
(2) (1) ‘ un 
( ty = Pu — Ay. + 2 Puv pv Pu 
Dur Dev ) 
9 — he 
+ ( dy db, + 4 
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= ay Pu, Pur = (a, du Qu + ay 
dev (ay Je + ay (a1 + aj Dun» 


(S4) 


whence 
u 
Du 


The resulting expression will be an invariant of the one-parameter family, 
k 
except for a factor of the form (V’’)!. 
Let us apply this process to the net-invariant 64,5. We have 


= AA® — (A,)*, 


Duv dy Qu ¢ = dul (1) u 


where 
A” = (a? )? —_ 4a? = (a? )? 


According to (82) and (85) we have 


(ay? — ay, 2— 3a (a\ ay: ) + [(ai)u — 26] (ai — dee), 


Pu 


ete., 
so that 
= 2 a 


9 2 2 1 


2) + (a1)u (au — 


+ — + (a1 — ay) + (a1), aor] 


Ay Ay + (a1 A + 47 A 


since we have 


(ay, — dz) (a) — + + al? = 
(N7) 
— (a? — az) + ay) + 
We also have 
3 
whence 
(SS) - + Ae + 2/ 
or, under the conditions (84) and (85), 


(SO) A; = Ay — Ay + (1), A — 


Consequently we find for 


dur be 
Pu Du Du 


)6_ 


IS] 
SO) 
Ay 
Me 
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the following expression which is the new invariant which we were seeking 
6 6 = — ay — ay (a\) — ay; ) + (a) — 
+ — + (a1 )u aie} — + aor} | 
— [Ay — Ay + A 


and which, on account of (87) may be written more simply 


= ase = ay; )}? 


(90) 
+ — 3 a, — ] — (A, — 3.4, 


The formula for the net-invariant 6), » was 
6,2 = (a, u) — 2(a, 
Making use of (S4) and (85), we find 
I’ (a,u) = (a,u) = 6,1, 

whence, according to (77), 

(91) (a, = — (1, — (1) 1 — £64, 1. 
On the other hand, we find 

IV’)? (a, uw) = (a, uv) — 3a, (a, uw) 


+ (a),(a,u) — (a,), — 256, 1, 


(92) 
giving rise to the new invariant 
6,2 = (a, u) — ba,(a,u) — — 


2[ (61,1). — (01,1 )ul + 41,1. 


(93) 


The ten invariants 


(94) Ao, A, 9» Ao, 10% do, 10> A, l> 4 


clearly determine a one-parameter family of ruled surfaces, except for pro- 
jective transformations. For, if we specify besides the value of a, as a func- 
tion of u and v, for instance a; = 0, the corresponding net of ruled surfaces 
is determined except for a projective transformation. 


9. INTRODUCTION OF THE FOCAL SURFACES AS SURFACES OF REFERENCE. 
THE FOCAL CANONICAL FORM 
The generators of the ruled surfaces of a one-parameter family form a 
congruence of lines. The invariants of the congruence are those invariants 
of the one-parameter family which are left unaltered by any transformation 
of the form 


{ 

( 

( 
t] 
d 
S 
ti 
fo 
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(95) i=o(u,v), b= y(u,e), 


where both @ and y are arbitrary functions of u and v. These invariants 
might be obtained by extending the methods of Article 8 to the more general 
transformation (95). It seems preferable however to establish connection, 
at this point, with a previously developed projective theory of congruences.* 
We accomplish this by showing how to transform system (S ) into the system 
of differential equations which was used in that other theory. 

Let us assume that the quadratic equation 


(M5) — dy? + (ay — + aye = 0, 
has two distinct roots, so that 
A = — + 4ay2 ar 


is different from zero. If we make a transformation of form (22), in which 
the ratios a: y and 6 : 6 are equated to the two roots of (96), we shall have 
ai — By #0, and according to (26), the transformed system will have 
= Go, = 0. 

Although this transformation is not unique, the resulting new surfaces of 
reference, S; and S;, are determined uniquely; they are, in fact, the focal 
surfaces of the congruence. This follows from the fact that the first order 
equations of the transformed system (S) will have the form 


Jo = Gu Ju t+ bug + by 2, Ey = Gee + bor + bee 2. 


For, if by and by; are not zero, these equations show that every line P; P; 
of the congruence is tangent to each of the surfaces S; and S;. The cases 


by» = 0 or boy = 0 correspond to the cases when one or both focal surfaces 
degenerate into curves. Consequently bj. and bo; must be invariants of the 
congruence whose explicit expressions we shall obtain very soon. 

We may formulate our result more elegantly as follows. The function 


(97) — (Ay, — yz — Ay 2? 


is a quadratic covariant of system (S). The factors of this covariant determine 
in general two points on each line of the congruence, the foci of the line, that is, 
the points where the line touches the focal locus of the congruence. The foci are 
distinet or coincident according as A is not or is equal to zero. 

From this last remark it is clear that -1 is an invariant of the congruence. 

Let us factor the covariant (97), and denote its factors by 7 and Zz. Then 
S, and S, will be the two sheets of the focal locus. In order to avoid excep- 
tional cases, and to preserve symmetry, we write the factors of (97) in the 
following form 


* Brussels Paper. 
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(98) Vay + i= + Vaz, 
Va Va 


where 


(99) a= 4 (ay, — deo + VA). 
In these formulas VA stands for that one of the two square roots of 
A = (ay, — + 


which reduces to a); — d22 when dj. or a2; is equal to zero. The square root 
Va may be chosen in either of the two available ways; but after a choice has 
been made, it must be adhered to. Since we are discussing the case A ¥ (), 
a will also be different from zero as a result of the specification just made of 
the meaning of the symbol VA. 

From (98) we find 


(100) 
Consequently we shall find the coefficients 4, Bi, Pix, Qix of the resulting 


canonical form of the system (S) for 7 and 2, by substituting into the general 
formulas of Article 5 the values 


a — 
VAa VAa 


~ Vda’ 
This canonical form shall be called the focal canonical form. 
We find in this way 
= — (Ui — 
+ Uy2 + Ay2 + 3 VA (dir + te), 
(101) — + EVA + We), 


2 = — Ay. — + — 


— (Uy — U2) — + 
and 
+ + VA), Ax. = 3 (ai + — VA), 
Ai 

The transformations of form (22) transform the quantities a, and ix 
cogrediently. Comparison of (24) and (26) shows that the p,’s are trans- 
formed cogrediently with the u;,’s except for the presence in each px of some 


| [April 
a a 
{ 
( 
a 
(] 
a, 
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terms which involve partial derivatives of a, 8,7, 6 with respect tou. There- 
fore VAP, will be obtained from VAU,, if we replace the ux’s which appear 
in the right members of (101) by the corresponding p;.’s and then add the 
additional terms involving the derivatives of a, 8, y, 6. 

We find the following formulas; 


( 21 )u 
a 


u 9 A, 9 
a aA 
+ — G22) (pu — prz) 
+ Piz + Par + LWA (pu + pee), 


2d21 (die )u 
a 


Me 
— a 1 (a> + ay2 + 


— — (pu = P22 ) 


— — Pa + (piu + poe), 


2 Gie 
VAP» ay — A(ay2)u) — Pir — por) + apr — = P21; 


9 


2 a2; 
VAP 2} dy — @(d21)u) — (pu — pe) — q + apn. 


We notice the relations 


(104) a — Ay. do, = a( ay, — Ag), a? + dy. do, = }aVvA, 
and find 


A, 
(105) Pu + Poe = pu + poe — 


A’ 


a result also deducible from (24) and the value of 


1 
(106) A = ab — 
a By VA 
We find further 


VA (Pu — Po) = (a1 )u — 21 
(107) a 


+ — G22) (pur — poo) + 2 pro + Giz por). 


‘These formulas assume a more compact form if we introduce the quantities 
a,, instead of the partial derivatives (ay,),. We find 


a 
(103) 
a 
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+ 
PawA 


Pr2 21 + por A's) — 


») 
2avaA 


A VA 

(1) (1) 

— Ay 


On account of the frequently noted cogredience relations between the p,,’s 
and the z;;’s, we have similarly 


2a 


Ti2 doy + 21 — 


2a 


ayy — | 
+ 
vio vid 


(109) 


The remaining coefficients, B;, and Q;,, of the focal canonical form are ex- 
pressible in terms of those already computed by means of the formulas 
2By = An Pu — Mn, 2By = An Pw — 
(110) 
2Bo, Po, — = Ax» — Tee, 
and 


= 2(Pudu t+ Pi t+ Pe Pa Un, 
2( Pp). + Pe( Pu + Pe) -— Up, 
2( Pada + Pa (Pos + Pas) Un, 
2( Pes)u + Pie + Piz Par — Use. 


10. DETERMINATION OF THE DEVELOPABLES OF THE CONGRUENCE 
The first order equations of system (S) were given originally in the form 
YW = On Yu $+ bez, 
(112) 
= 91 Yu + Zu + bor y + bee 2 


Let us transform these equations by putting 


186 = 
P = a=» ely +- 
11 Pu a4 
1. 
(108) 
a 12 
Py 
VA 
as | 
Py = 
VA 
IT = T2. — > 1 — 
= 
Hs) = + 
(111) 
sl 
di 
th 
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(115) i=o(u,vr), t=y(u,r), 


where @ and y are arbitrary functions of u and v. The geometrical effect of 
this transformation is to replace the net of ruled surfaces formed by u = const. 
and v = const., by any other net 7 = const. and = = const., formed from the 
lines of the same congruence. 

As a result of (113) we find 


Oy Oy Oy 
(114) Yu = Oi Du + ape Ww = = Dy + aie” ete., 


where we assume 
(115) bute — dr Vu 


Consequently (112) becomes 


+ buy t+ bez, 
(116) 
a= t+ by + bx 2, 
where 
— (441 — bu Wu + bu Yo + 22 Yu — be Wos 
— (441 — G12 21) bu Yu + 22 bu Po + Yu — Ge Wo, 
= — dru), Ader = do (due — bv Wu), 
Abi = ber — bur) + bu We, 
bro = (diz bes — biz) Pu + biz Wo, 
= bir — bor) Yu + b21 Wo, 
= diz — Pu + bee Wo, 
A = (441 — — + Wu + Yi. 


As long as A is different from zero, the equations (116) are of the same form 
as (112). If 4 =0, the two equations (116) reduce to an equation of the 
form 


+ vy + & =0, 


showing that the ruled surfaces 7 = const. are developables.* 

If A = (ay, + doe)? — 4( a4; G22 — ay2 d2;) is different from zero, the con- 
dition A = 0 can be satisfied in two essentially distinct ways, by integrating 
the differential equations for y which are obtained by equating to zero the 

* Proj. Dig. Geom., p. 131. 
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factors of A. This proves the familiar theorem that a congruence with 
distinct focal surfaces has two distinct one-parameter families of developables. 

If A = aj — 4az is equal to zero, the two sheets of the focal surface coincide, 
and there exists only a single one-parameter family of developables in the 
congruence. Let us assume that the surface of reference S, is so chosen as 
to coincide with the focal surface. Then we shall have 


(118) ay = 0, 44; — = O, 


since the covariant 

— (ay — — 
must reduce to a multiple of y?. Then A is a perfect square, and the differ- 
ential equation A = 0 reduces to 


(119) — = 0. 


If Y(u, v) is a solution of this equation, the ruled surfaces y (u,v) = const. 
will be the developables of the congruence. 

On the other hand, if we assume bij. # 0, equations (17) show that the 
differential equation of the asymptotic lines on S, is 


(120) — pro du® + 2¢12 dudv + ey. dv = 0, 
and, in our case, we have 
Cy = — Ay + by, = C12 + bye ain Piz + 2a by. 
Consequently (120) becomes 
(121) (du + ay; dv) [ — pro (du + ay, dv) + 2b. dv] = 0. 


But an integral of 
du + ay, dv = 0 


is a solution of (119), giving rise to the familiar theorem that a congruence with 
coincident focal surfaces is composed of the tangents of one of the two families 
of asymptotic lines on its focal surface. The assumption b;2 4 0 upon which 
we have based the proof, merely requires that the focal surface do not de- 
generate into a curve. Equation (121) makes it convenient to examine the 
second set of asymptotic lines of the focal surface and the corresponding 
congruence of tangents. 

If the two focal sheets coincide and at the same time degenerate into coin- 
cident curves, we may assume 


ay, = 0, ay. = 0, ao = 0, a21 0, br» = 0 


if we use the coincident focal curves for the locus of P,, and the developables 
of the congruence as surfaces wu = const. We shall then have 


( 
E 
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Yo = bi ’ 


These equations show that P, remains fixed when v alone changes, and that 
P. can only move along the straight line joining it to P, when v alone changes. 
If e remains constant, and uw only changes, P, moves on the double focal 
curve F, and the plane whose homogeneous coérdinates are given by the 
four third order determinants of the form 


N= ly, 2, Yu| 


contains P, and the tangent of F at P,. We find 
Av = + 


Consequently this plane does not change when v changes; it changes only 
with uw. Consequently with the variation of both variables, this plane gen- 
erates a developable which contains the curve F. The congruence may 
therefore be described as follows. On an arbitrary developable draw any 
curve. The lines tangent to the developable along this curve constitute a 
congruence of this sort. Clearly the developables of this congruence are 
the «»! pencils whose vertices are the points of the given curve, and whose 
planes are the tangent planes of the fundamental developable. 
There remains one case which requires special attention. If 


= = — Ay = O, 


the foci are entirely indeterminate, but the developables are not, and we may 
assume 
= Ag 
The equations 
Y =buiyt bez, zy = boa y + bez 
show that P, and P, move along the same fixed straight line if v varies while 
u remains constant. Thus the congruence, in this case degenerates into a 
one-parameter family of straight lines. All of the ruled surfaces of the family 
const. coincide. 


11. THE DIFFERENTIAL EQUATIONS OF THE CONGRUENCE REFERRED TO ITS 
FOCAL SHEETS AND DEVELOPABLES 


We cannot introduce the developables of the congruence as parametric 
ruled surfaces and also preserve the form (S) of our system of differential 
equations. We now proceed to show how (8S) will be transformed. 

Let us start with the first order equations of (S ) written in the focal canoni- 
cal form 


=Anjut Brig t+ 
(122) VA = Ay — An 6, 
= Ag Z, + Bu + By Z, 
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; are the focal sheets, assumed to be distinct, but not neces- 


so that S; and S 
sarily non-degenerate. The expressions for A; and Bj, in terms of the 
coefficients of (S) are given in Article 9. 

Since Ay = Ag = 0, the developables of the congruence are obtained by 
equating to constants the functions 


i= (u,v), b=y(u,v), 

where @ and y satisfy the conditions 
(124) dv = Ai bu, Yr = Ags 
respectively, and where constant solutions of these equations are, of course, 
excluded. We may, therefore, assume ¢, ~ 0, yy ¥ 0. 

If we introduce @ and 7, as defined by (123) and (124), as independent 
variables, the equations (122) assume the form 


(125) 


=m ij +m" Zz, 

where 

(126) m’ 
A transformation of the form 

(127) yj = on, z 


will not change the surfaces of reference. Its effect upon the fundamental 
quantities entering into the focal canonical form is given by the equations 


Wy 


= Py, +2—, 
w 


Wu Wy 
Bu + - 
w 


= Ba, 99 = Boo + 


9 B, 
= Bar n”’ Bin = =. 
Pu Pu | 
= 
— 
w 
Po == Pn, P,, = Pa 
w 
Un = Un, Us =— U2, Un = Ux = Ux, 
An = An, Ay, = 0, An = 0, Ay» = An, ( 
(128) 
_ v 
= In +2-—, Ie 
al 
, 
, (] 
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The equations for By, and Bs» show that these quantities may be equated to 
zero provided that w and w’ are chosen as solutions of the equations 


Wu Wy 


(129) dus By, =0, 2: + Bo = 0 
w 


respectively. If we apply the transformation (127) directly to equations 
(126) we find the conditions 
0 log w dlogw’ + By 


(130) —— = = 


equivalent to (129). Consequently this simplification of (125), resulting in 
equations of the form 


(131) = me = 
W here 
Boy 
may be accomplished by quadratures after the differential equations (124) 
which determine the developables of the congruence have been integrated. 
The second order differential equations of (S ) in its focal canonical form are 


Yuu + Py Yu + Py». Zu + Qi y + z 
Zuu + 21 Yu + Pr Zu + y + Z 
Let us introduce the variables % and 7 into these equations. We have 


Bug + Bu 
= + = Jadu + m2) = Gade — 


Bu + Bui 


4 


= Zou + (n'y + 2) bu + Wu = 
where we have made use of (125) and (126). 
From (125) we find by differentiation 
= + (mg + + (me + mn’) 2, 
lf F denotes an arbitrary function of u and v, we have 


(13t6a) = du Wu F, = Ay F; Pu + Ao» F; Vu ’ 


and 


1 
(136b) F.=— F F,=—;V(F), 
(F), (F) 


(135) 


where 


U(F) = (— Ae F, + F,), V(F) = (AnF, F,). 
VA VA 
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The use of these formulas gives us the following equations for the coefficients 
of and Z in (135): 
du + mn’) = — Ba + Bir — U(Bu), 
du Yu (my +m’ n’’) = — Biz Bor + Biz — U (Biz), 
du + m'n’) = — Bu Ba + Ba an + V (Bar), 
du Wu (ns + mn’) = — Bor + Boe an + V (Bee), 


= ( Age )u 
ao. = VA 


(137) 


where 
(137a) 
From (134) we find 
Yuu = Gul Yau Ou + Yas Yul + Ya Guu — (Bir)u¥ — (Br2)u 2 
— Bu (Ye bu + Yu) — bu + % Yu). 
We substitute, into this equation, the values (125) of 9, and 2Z,, and the 
value of 9,; from (135) and (137). The resulting expression is 
Jun = Jax + (Gun — 2811 bu) — Wu 3; 
+ [Bir — 2B12 Bor + Bir a22 — (Bu)u — U(Bu))9 
+ Biz — 2812 Box + Biz — (Biz)u — U (Br) 


Finally we substitute this expression in (133), and transform the second 
equation of (133) in similar fashion. We obtain the following differential 
equations 


= aj + b2 + GH, + di, 


(138) 
where 
= — Qu + Bu Pu — Ba Piz — + 2812 Bar 
+ (Bir )u — O22 Bu + 
= — Qi + Br Pu — Be Pr — Bu Bi + 281 Boe 
+ (Biz)u O22 + U (Biz), 


(139) 
— Qe: + Bir Por — Bor Poe + 2811 Bor — Bor Boe 


= (Baru 011 Boy V (Bx), 
+ Bis Po, — Bre Po — Be. + 2812 Bai 
= ( Boe )u — B22 — V (B22), 


_ Yow 


Po — Ba), = — Poe — 2822 Yu’ 


y 
r ( 
d, = — Pu + Bu - gid = Pi t+ Biz), 
fc 
2 0! 
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and where it is desirable to remember that 
(140) VA = Ay ~ Ao. 


Vinally, if we apply the transformation (127) to (138), we obtain the equa- 
tions 


(141) 


where 


and where w and w’ satisfy the conditions (130). Equations (131) and (141) 
together are the differential equations of the congruence in the canonical form, 
and all of the invariants and covariants of the congruence can now be expressed 
in terms of the coefficients and variables of the original system (S). The 
functions @., Wu, @, and w’, whose actual values are required for the purpose 
of computing the coefficients m,n, a, b, c, d, ete., enter into the expressions 
for these invariants and covariants only as extraneous factors, and are elimi- 
nated entirely from the expressions for absolute invariants. Thus we have at 
once the expressions 


wy, wo’ 


_@ a2 
(Pas + Bar), 


1 


= mn — (— Pas Pa + Bis Par — Pas), 


for the five most fundamental invariants of the congruence. If m or n vanishes 
one of the focal sheets degenerates into a curve; if c’ or d vanishes, one of the 


focal sheets is a developable. If W = 0, the congruence is a W-congruence. 
_In order to find the expressions for the invariants 8, B, @”, and 


(Pr Biz), 


&”,* the following formulas will be convenient: 
* Brussels Paper, p. 20. 
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b= = (5452), 
(142) 
fate, Sak ~ 
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U log w = ve U log w’ 
og w £ 
U log d, = a U log bu 
V log w = 


log dy = 
We find 


But from (143) we have 
dni w! = Biz (Piz — Biz). 


Consequently, making use of (1365), and (144), we find 


n) 
(145a) B= ann + + 2( Bu — Bex) — Pu — U log Biz (Piz — By). 
Again we have 
(e’ Pn 
log 


and 


=- (a’)! pi (Par + Bn)’, 


whence 

(145b) = — + 2( — Be) — Pru + 3 U log Be ( Pa + Bo)’. 

In the same way we find 

(1450) = Ban — + — Bas) — Per + V log Bi2 (Pi — Be), 

and 

(145d) 4y, = — an — A» + 2 (Bir — — Px — log ( P21 + 
The values of 


» 
= (m B? + dC’), 


Vv —dm 
(146) ® 
= (c’ B? + nC’) 
V—c'n 


can now easily be computed. These invariants vanish if and only if the 
focal sheet S’, or S®, or both, are.ruled surfaces. 


194 
(144) 

ld, Sm, _ 10 log dm’ 

n 
w' 
| 
gr 
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‘The Laplace-Darboux invariants of the conjugate systems on S, and S, are 


log m 

h = mn, k = mn — 

and 


log n 


(147a) = mn — = mn = h. 


We find at once ei 

me 12 P21 

‘Yo obtain symmetric expressions for k and h_,, we observe that, from 
(16), we may compute F,, in two ways, giving 

du Pag = VU(F) + an U(F) = UV (F) an V (FP), 

so that we find the identity 
(148) VU(F) — UV(F)+anU(F) + a2nV(F) =0, 
and the symmetrical expression for F,; 
(149) = UV (F) + VU(F) + an U(F) -—anV(F). 

We propose to apply this formula for ¥ = log m and for F = logn. We 
find first . 

U log m = — ax. — Bu + Boo + U log By -=, 


w,, Vuu 


V log m = + ax + Bir — Boz + V log Bie ro at 


Pu u 


U log n — au + Bur Bos + U log Bar 


N 
Wy 
V log n = + an — Bu + Boe + V log Ba a 
Let us note further that 


U(w.) = (Br )uw’ + 2A Boo w’ + (a22 + Boe) 


U ( Wun ) 29 = 2! Wu + 2a22 Wun ’ 


1 A, 
V (wu) = — (Bu)uw 24 Buw— (aun 


1, 


ou bu — 2011 


V (dun) (a11)u bu 2 


*Darboux, Théorie des surfaces, vol. 2, and E. J. Wiiczynski, The general theory of con- 
gruences, these Transactions, vol. 16 (1915), p. 318. 


4 
4 


(150) 

(151) 
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Then we find, from (149), (150), and (151), 


2] 
Wu UV log Bis + VU log Biz + an U log Biz 


— a2 V log Biz + U (a2 + Bir — Boe) 
— V + Bir — + (Bir + Bor — are), 


1 Ay 
+ 24 (Bir + Boe — 


— + a2) (a22 + Bir — Boe), 
= UV log Bu + VU log Bu + an U log Bas 
— a2 V log Ba + U(an — Bu + Bo) 
— V (aun — Bu + Be) — (B11 + Bez — an), 


24 (Bu + Boe = a1) 


— (an + — Bir + Boe). 


These expressions may be written in somewhat shorter, but less symmetric 
form, by making use of (148). The complete expressions for k and h_, follow 
at once from (147) and (152). 

The integrability conditions of the system, composed of (131) and (141), 
require the existence of a function f, of i and 7, such that 

(153) c = 
We wish to verify this directly and, at the same time, obtain the relation 
between this function and the function P, of u and v, whose partial deriva- 
tives are 


(154) Py, = Pu + Po, P, = + Tez — (An + 


and whose existence is assured as a result of one of the integrability conditions 
of our system (S$), in its focal canonical form. We have 


G -- 


Consequently the condition c; = d,, which is equivalent to (153), may be 
written in the form 


Boo ) (a Bu ) 
15: laf? ). 


But we find, making use of (110), (136c), (139), and (140), that 


[April 

(152) 0° log n 

Og 
d’=d 
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Pu VA Pu 


2 Boe 1 | + P, + (An + Are + | 
VA du 


1 (An + 

1 [ An Pu — Po — (An + Ave )u 
VA Wu 

1 eat (An + Ax» ve | 

VA vu 
‘These expressions will satisfy (155) if and only if there exists a function F 
whose partial derivatives with respect to i and é can be identified with the 


bracket terms of the two right members. We must have in that case 


Fy + F, (An + )u +S (An Ao), 


+ Aun F, — F, — (An + + (An — Age), 


The consistency of these conditions may be verified directly as follows. 
The first equation gives on integration 


F = log + 


where V(v) is a function of v alone. If we substitute this expression for F 
into the equation for F,,, and make use of the conditions 


= Au du, Yo = Pu 


which define @ and y, we find V’ = 0. Consequently we have found 


whence 


0 
— (P + log Cou 


— (P + log Cou Pu), 


where C is a non-vanishing constant, and therefore 


of 


(P + log Cou Yu + 2 log w + 2 log a”) 


— 9, (P + log Cou vu + 2 log w’ + 2 log w) = 
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9 

vu 
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whence 


f — [P+ log ( ww’ )? bu Vu +k] 


where k is a constant. According to (105) and (154) we have 


Ay Ay 
I i Pu A ’ I v Pv A 


and therefore 


(156) f = — [pt log A™ du pu (ww’)? + 
where p is defined by the consistent conditions 
Pu = Pu + Pee, Po = Ti + T22 — + 22 )u; 
and where p is closely connected with the value of 
D = |Yus 


the principal determinant of system (S), this fourth order determinant being 
formed from four independent solutions of (S). 
By using the differential equations of (8), we find 
dD, | z| + | Yu z| (pu + P22) D 
dD, z|+ly, Ys z| + [Yous Zus Yos z|+|yu, Y> 2p 
= (bu + bee + + C22) Dy = — + — (Qu + 22 )u)D, 
so that 
dD, 
(157) pu = pu + = — D’ Po = Ti + Te — (Ai + = — 


Consequently we must have 
(158) D = Ce? 


where C is a non-vanishing constant whose actual value will depend upon 
what particular solutions of (S ) have been used in forming the determinant D. 
We may write finally 


(159) f = log Yr" K 


where K is a non-vanishing constant. 
On the other hand we have also 


(160) f = log K’ A* 
where the fourth order determinant 
(161) A= |n, 5, 


is formed from the corresponding four solutions of the system (131), (141). 
The resulting relation between D and A may be verified directly. 


“i Brussels Paper, p. 26. 
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12. THE DIFFERENTIAL EQUATIONS OF THE NET OF RULED SURFACES 
IN PLANAR COORDINATES AND THE PRINCIPLE OF DUALITY 


Let us return to the differential equations (S) of the one parameter family 
of ruled surfaces. The generating lines of these surfaces have so far been 
regarded as the lines of junction of corresponding points, P, and P,, of the 
two surfaces of reference S, and S,. We propose now to think of these 
same lines as lines of intersections of corresponding planes. 

Let R be a ruled surface of the family » = const. The coédrdinates of the 
plane tangent to R at P, are the four third order determinants of the form 


ly, 2, Yul- 
similarly the determinants of the form 
(162b) a= |y, 2, 2| 


serve as coérdinates for the plane tangent to R at P,. We propose to obtain 
a system of differential equations similar to (S) which will be satisfied by 
the four pairs of functions (7r;, 8;), (¢ = 1, 2, 3, 4), thus obtaining a repre- 
sentation for the net of ruled surfaces in planar coérdinates. 

For purposes of abbreviation let us write 


We find from (162a) and (1626), by differentiation, making use of the equations 
of system (S), equations (6), and familiar theorems about determinants, 


=—pur— prs +t, 
(bir + boo + + C12 8 — aye t! + aoe t, 
— pur — pest, 
Cort + (bir + bee + C22)8 + ant’ — ant, 
whence follows, by elimination of ¢ and t’, 
Ty = Tu — G12 8u + + bee + C11 — Por + G22 pur)? 
(165) + (Ciz — 12 Poe + Piz) 8, 
Sy — Aa Tu + 11 Su + (C21 + ai P21 — G21 pu)r 


+ (bir + bee + C22 + G11 Por — Pir) 8. 
Let us put 


(166) y = 3 = 
where D is the fourth-order determinant 


(167) D= 
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whose partial derivatives are given in (157). The resulting system of differ- 
ential equations may be written 
Yuu + Pu Yu + Pre gu + Gu + = O, 
juu + Por Yu + Por gu + Gar) + Gee 3 = O, 
Yo = A Yu + Mie gu + Ou) + By 3, 
3v = Aor Yu + Mee gu + Bor Y + Boe 3. 


The values of the coefficients p;, and qi, may be transcribed from the 
theory of ruled surfaces.* 

The values of ay and 6b;, are easily computed from (165) and (166). We 
find 


(168) 


= Mie = — Ap, Qe1 = — Ay, Qeo = a1, 
= bu + 3 (un — — 3 (G11 — pur + 3 Piz — Pa, 
2 = by + (12 )u — (G1 — G22) + (pu — pre) — iz pre, 
169 = bey + (dar )u + — por — (ps — Poe) — Pur, 
bos — 3 (du — )u + 3 (Gu — G22) pre + 2 Par — 
= Piss 
= qu + — qe + 3 Up, 
= qu + 3 Ua, 2 = — (U1 — Ue). 


It is an easy matter to verify the complete reciprocity between systems 
(S) and (168). We shall speak of them as systems adjoint to each other. 
In our interpretation the two systems correspond to the same congruence 
but in dualized representation. Clearly, if we re-interpret y --+ 4 and 
31, °**, 34 aS point-codrdinates, we obtain instead two nets of ruled surfaces 
which are dual to each other. Consequently those properties of a net whose 
analytic expressions remain unaltered by the transformations (169) are dual- 
istic properties. 


13. CONJUGATE SYSTEMS OF RULED SURFACES 
Let us put 
(170) p = puyt+ pez, = 2zy + pay + prod. 


These expressions determine two points, p™ and o™, such that the line 
joining them is a generator, of the same set as P, P,, on the quadric surface H 
which osculates the ruled surface » = const. along P, P,. The lines which 


* Proj. Diff. Geom., p. 137. 
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join y to p™, and z to o are generators of H of the second kind. Referred 
to the tetrahedron of these four points, and an appropriately chosen unit- 
point, the equation of H is 

171) — x3 = 0.* 


We introduce two other points, by means of the expressions, 
172) = 2 +rayt 


vhere the coefficients r;, are defined by (15). These points are on the quadric 
H’, which osculates the ruled surface u = const. along P, Pz, and their 
position on this quadric is determined by P, and P, by the same construction 
which, executed on H, gives rise to p“™ and o™. 

Let us study the quadric H’. An arbitrary point on H’ is given by an 
expression of the form 


Bi (ary + a22) + + ao). 


But we have 
p™ = 2 (ai yu + + buy + bez) rez, 
= 2 (a1 Yu + dee 2u + bor y + boo z) + ray + 222, 


and 
2y, = p — pny — 22, = — poy — 
whence 
= ay p™ + + (2bn + — pu — pa) 
+ (2bie + rie — G11 Piz — P22 
da, + + (2ber + rer — Pir — G22 Par) 


+ (2be2 + — Piz — G22 Pro» 
or, on account of (37), 


p = ay + ay + (ri + (rie ™12)2, 


(174) 
a”) = ay p™ + + (ro — + (122 — Tee). 
If we introduce these expressions into (173) we obtain an expression of the 
form 


where 


= Bi ay + Bo ay + Be (121 121), 
175) te = Bi a2 + Bo ai (riz — Ti2) + Be a2 (122 — T22), 
(iéo 

X3 = Be + Bo a2 


= Bo ay + Bo a2 
* Proj. Diff. Geom., p. 191. 
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and where we may regard x, 22, 23, % as the homogeneous coérdinates of 
an arbitrary point of II’ referred to the tetrahedron of the four points y, z, 


To obtain the equation of we eliminate a; , 8; , 82 from (175). 
From the last two equations we find 
(le Be = — ay Bo = — Ajo 11 

where we have put = — as before. Substitution of these 
values into the first two equations of (175) gives 
By = G2 — — Tir) — 

— (ra — (— + 411 
By = Ag — (Tre — Wiz) — M21 24) 


— (ree — diz + ana), 
whence finally 


[ + — Tir) (d22 — 
+ — ror) (— + ( — + 4) 


(176) 


— [az + — Piz) (G22 — 21 
+ (22 — ( — + (22 %3 — = O 
the equation of H’. 

Let us consider any point P’ of the line P, P,. Let the codrdinates of 
such a point be x;, 2, 0,0. The plane tangent to H’ at P’ will have the 
equation 
(177) ( + Xo) 2s + (ay, + = 0, 
if we assume a2 ~ 0. The corresponding tangent plane of H is given by 
(178) — + 2,4, = 0. 


These two planes will coincide, if and only if 


(1)? — (air — — (a2)? = 0, 


that is, if P’ is one of the two foci of the line P, P.. 
Thus the two quadrics H and H’ are tangent to each other at the foci. 
The two planes of contact are given by 


(179) — (4, — — A, 77 = 0. 


Since all of the ruled surfaces of the net must be tangent to the focal sheets, 
it is clear that these two planes are the planes tangent to the focal sheets of 
the congruence, and we shall call them the focal planes of the line P, P.. 
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Let us write equation (178) in the form 

x3 — Ary = O, 
where \ = 2, : 23. This plane and the plane 

v3 — part, = O 
will form a pair, given by 

which is divided harmonically by the focal planes (179), if and only if 
ISO) 2ajyo Aw — (Ay, — Goo) (A +p) — Zan, = O, 
whence 


The plane (177) will coincide with the plane 2; — yxy = 0 for all values of d, 
if and only if the equation 


| — + + = [ — — G22) (ai + G21) 
is an identity, that is, if : 
ay = — G22) = 204) doz = — — dg). 
If ay. and ay; are not both equal to zero, we conclude 
+ doo = 0. 
If ay and ay; are both zero, these conditions are satisfied also by 


= Aq, = A; — = 0; 


> 


but in this case the congruence degenerates into a single ruled surface. 

Let us agree to speak of a net of ruled surfaces as a conjugate net if the 
osculating quadrics, H and HH’, of the two ruled surfaces u = const. and 
v = const. which meet along a line P, P, of the congruence, are so related 
that the planes tangent to H/ and II’ respectively at every point P of P, P, 
are divided harmonically by the focal planes of P, P.. We have just shown 
that the net of ruled surfaces defined by system (S) is a conjugate net, if and 
only if 


(ISI) ay = + doe = 0, 


provided that (S) defines a proper net of ruled surfaces which does not de- 
venerate into a single ruled surface. 

Thus the method of Article 8 for the construction of invariants of a one- 
parameter family of ruled surfaces consists geometrically of associating with 
the given one-parameter family of ruled surfaces its conjugate family; the 
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invariants of the conjugate net obtained in this way are at the same time 
the invariants of the given one-parameter family. 

Clearly the developables of the congruence are their own conjugates. Thus, 
making use of this new notion of conjugate systems of ruled surfaces, the 
analogy between the developables of a congruence and the asymptotic lines 
on a surface becomes very evident. 

Since the quadrics H and H’ have a line of the congruence in common, the 
rest of their intersection will be, in general, a twisted cubic. We shall refrain, 
at present, from any discussion of the congruence of cubics which arises in 
this way. 


14. GEOMETRIC SIGNIFICANCE OF SOME OF THE INVARIANTS OBTAINED 
PREVIOUSLY 
The factors of the covariant 
(182) do, — — — 


determine the foci of the line P, P,. The factors of 


(183) Un — (U1 — — Uy 


determine the flecnodes of P, P: when P, P, is regarded as a generator of a 
ruled surface v = const. The factors of 

[ — U2) P21 — — V2q) + 2 (12 — M12) 
(184) 

+ [ — — (011 — 2” 
determine the complex points of P, P., if again P, P, be regarded as a gen- 
erator of a ruled surface of the family v = const.* 

The discriminants of these three quadratic covariants are A, 64,9, and 
4610, 0, and the significance of the vanishing of these invariants is there- 
fore apparent. 

The bilinear invariant of (182) and (183) is 


according to (59). Therefore, the flecnodes of a generator of a ruled surface 
v = const., and the foci of that line separate each other harmonically, if and only 

The bilinear invariant of (182) and (184) is 


(tir — U2) Mig — (11 — V22) — [ — M2) 21 — — V22 ) | 


+ (11 — (Uz — Ua Me), 
and this is equal to 


* Proj. Diff. Geom., p. 208. 
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ai1 — a2, 
— Uy, = = 41 
V1 — V22, Vie, 


according to (60). 

Consequently the complex points of a generator of a ruled surface v = const., 
aud the foci of the same line separate each other harmonically if and only if 
6,,=0. 

The bilinear invariant of (182) and (184) vanishes identically, corresponding 
to the fact that the fleenodes and complex points always separate each other 
harmonically. The quantity 

Ab,» 


(185) 


is an absolute invariant of the one-parameter family of ruled surfaces which 
determines the cross ratio a of the fleenodes and foci by means of the equation 


(186) — Ay o(a+1)? =0. 
The form of (184) suggests a new covariant 
[ — — (G41 — y? + 2 Gor — ) y2 
+ — U2) — — G22) 2°. 


Clearly the bilinear invariant of (182) and (187) is (a, u,a) = 0, and that 
of (183) and (187) is (a, u,u) = 9. Consequently (187) represents the 
pair of points on P, P, which are harmonic conjugates of each other both 
with respect to the flecnodes and the foci of P, P.. The discriminant of 
(187) is a new invariant of the one-parameter family of ruled surfaces. 


15. Tue LAPLACE TRANSFORMATION 


The first Laplace transformation is given by 


| _,9(1 
(188) = $1 


We wish to express these covariants in terms of the variables and coefficients 
of system (S). We find, from (188) and (136), 


wu w’ Bie wou Vu w’ Bie 
But we have found 


U (vu) = a2 Wu, U (w’) = Bx2w’, 
so that we find 
(189) = Bis u( 


y 


Biz 


)+ (a22 — Boo) 
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where 7 is given by (98), and 


(190) 


In the same way we find for the minus first Laplace transformation 


Bor 


(191) ny w! Pu = Bar v( 


)- (an — Bu)z, 


where the value of Z is also given by (98). 
rhe invariants h_; and k_, have been calculated before. (See equations 
(147) to (152)), and we have 
log m, log km 
(192 h, =k = mn ky = my ny — 
where, on account of (149), 


0” log km 
PatMER Lake, COoLo., 

December 3, 1919. 


(193) = UV (km) + VU (km) + ay, U (km) — a2 V (km). 


i = of Bu’ 


NETS OF SPACE CURVES* 


BY 


G. M. GREEN 


In the metric differential geometry of a curved surface, the discussion is 
often centered about the gaussian parameter form of representation, in which 
tlhe points on the surface are fixed by an arbitrary system of curvilinear 
coordinates. So far as we are aware, the configuration of two arbitrary 
families of curves on a surface, i.e., an arbitrary net or system of curvilinear 
coordinates, has not been studied for its own sake. By this we mean that 
the properties usually investigated belong to the surface, and not intrinsically 
to the net itself. 

It is our purpose in the present paper to enter upon this apparently neglected 
field, by studying projectively an arbitrary net of space curves. The point 
of departure is a completely integrable system of partial differential equations, 
any fundamental system of solutions of which defines the geometric configura- 
tion, and which has moreover the property that the similar configuration 


defined by any other fundamental system of solutions is a projective trans- 
formation of the first.| The projective properties of the net will therefore 
he expressed in terms of the differential equations. Of course all properties 
belonging to the surface on which the net lies belong also to the net itself, 
hut we shall find that there are in addition many others peculiar to the net. 


1. Tue DIFFERENTIAL EQUATIONS OF THE PROBLEM 


Suppose the homogeneous coérdinates y™ , y , y , y of a point in space 
to be given as analytic functions of two variables: 


* Presented to the Society, April 24, 1915. 

The manuscript of this paper was found among the papers in the late Dr. Green’s hand- 
writing which were turned over to me for investigation. It was complete except for a few 
relo:ences, Which | have supplied; the only changes which | have permitted myself to make 
are concerned with two or three places where the language seemed to be ambiguous. This 
paper constitutes a notable addition to Green’s writings, and shows once more the fertility 
of his imagination and his unfailing ability to see something new even in the most familiar 
fields. J. 

i The first to use systematically completely integrable systems of this kind in projective 
differential geometry was Wilezynski. See for instance his five memoirs on the theory of 
surfaces, these Transactions (1907-1910). 
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(1) y =f (u,v) (k =1,2,3,4). 


For v = const., these equations define a one-parameter family of curves (,, 
and for u = const., a one-parameter family of curves C,; the net formed by 
the curves C, and (, lies on a surface S,. 

In our subsequent analysis we shall suppose that the curves C,, are not 
conjugate to the curves C,. In other words, the four functions (1) are not 
all solutions of an equation of the Laplace type:* 


(2) + BYu + + by = 0. 


We may express this otherwise, by saying that the determinant 


(2) (2) 2) @ 
YP 
y® 


(4) 


isnot zero. Geometrically, this means that for values of u and v corresponding 
to points in the region of space for which W # 0, the four points y!), y/’, 
y¥, y™, (k =1,2,3,4) are not coplanar, so that any other point of 
space must be linearly dependent on these four. In particular, this must 
be the case with the two points y'") and y?, so that relations of the form 


+ by! + ey? + dy, 


(4) 
=a Yl +e yP +d y 


must exist, where the coefficients a, b, ete., are functions of u and v. The 
functions (1) are solutions of the partial differential equations 


Yuu = uv + byn + cy + dy, 


(5) 
Yoo =A yw yte ytd’ y. 


In fact, we may determine the coefficients in these differential equations 
by substituting successively y?, y?, y, y™ for y, thus obtaining the 
eight equations (4), and then solving these for a, b, ete. This is possible, 
since we have supposed the determinant W given by (3) to be different from 
zero. 

Similarly, all derivatives of order higher than the second are, like y,, and 
You, expressible linearly in terms of yur, Yu, Yo, Y; in fact, these expressions 

* Darboux, Théorie générale des surfaces, vol. 1, p. 122. Conjugate nets, as is well known, 
have received a good deal of attention, especially because of their intimate relation to the 
theory of congruences. For a discussion of the subject from the point of view of the present 
paper, see G. M. Green, Projective differential geometry of one-parameter families of space curves, 
and conjugate nets on a curved surface, (First Memoir), American Journal of Math- 
ematics, vol. 37 (1915), pp. 215-246. 
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may actually be found by repeated differentiation of equations (5). It is 
apparent, then, that system (5) is completely integrable, and has the functions 
y (k =1,2,3,4) as a fundamental set of solutions. Moreover, any 
other fundamental set of solutions 7—i.e., a set for which, as for y“, the 
determinant |ju», Ju, Jv, ¥| is different from zero—is expressible linearly, 
with constant coefficients, in terms of the original set y“: 


6) = + + + len| AO (k=1,2,3,4). 


In other words, the net defined by any fundamental system of solutions of equa- 
tions (5) is a projective transformation of the net defined by any other fundamental 

stem. Consequently, any geometric property of the net, expressible in 
terms of the differential equations, is common to the net and all of its pro- 
jective transformations; in other words, the property is projective. 

\Ve shall base our study entirely upon the system of differential equations; 
evidently, if a system of the form of equations (5) be written down at random, 
it will be incompatible, so that relations must exist among the coefficients in 
order that the system be completely integrable and have the properties just 
described. We consider therefore this question. By differentiation of equa- 
tions (5) we obtain the four equations 

Yuuu = (Au + ab + €) + (0? + bu +d) Yu 
+ (be + ¢,) + (bd + d,)y, 
Yuur — AYuvv = (a, + b + ca’) Yur + (by + ch’) Yu 
+ (cc’ +e, + d)y, + (ed’+d,)y, 
Yurv Yuuv = (a, + +e’) + +b, +d’) 
+ t+ 
Yur» = (a, +b! a’) + (b+ 
+(e? +e,4+d')y + (e'd'+d.)y, 
in which use has been made of equations (5) to replace yu. and Yo» by their 
values in terms of Yux, Yu, Yo; ¥- From the second and third of equations (7) 
may be obtained the values for the derivatives y,.. and y,»», and then these 
may be used to find yuux and Yo» from the first and fourth of equations (7). 
In this way we obtain for the four derivatives of the third order the expressions 


= Yur + Yu + 030) Yo + 
= yyy + y, + y, + d@ y, 
Yurv = Yur + Yu + Yo + 
You = + Yu + Yo + 


(7) 
‘ 
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[a, + b+ ca’ — aa’), 

=[b, + cb’ — aa’), 

=[cc’ +e, — aa’), 

=[cd’ + d, + a(b'd +d,)]|/(1 — aa’), 

— aa’), 

=[a’(b, + cb’) + b'b+ d'|/(1 — aa’), 

=[a'(ce’ +e, +d) +b’c + ¢,]/(1 — aa’), 

= [a’(ed’+d,) + b’d + d.]/(1 — aa’), 

+a,+ab+ec, = ah +6,+4+d, 

= ac@) + be + tu, = ad@) + bd + d,, 
a® =a’a™ = @’b™ +b,+c'd’, 
=a’ e™ +e7 +¢,4d', = q’ d™ + 


We suppose, of course, that 
(10) 1 — aa’ +0, 


which is tantamount to assuming that the surface is not developable. * 
The derivatives of the fourth order are likewise expressible linearly in 
terms of Yur, Yus Yo, ¥, but not all of them uniquely. There are in fact three 


possibilities for ambiguous expressions, since 


OYun v 


11 
Ov Ov au’ Ov Ou 


The second of these yields a relation of the form 

(2) Yur + BYu + + by = 0, 
which can be satisfied only if a = 8 = y = 6 =0. We obtain, therefore, 
the equations 


a2) 4 + 
a®@) 402) +. +- b’ 


(12) 


= a9) + b> | 


a®) + d’ + d?! qo?) + + d!? 


*See E. J. Wilezynski, Projective differential geometry of curved surfaces (First Memoir), 
these Transactions, vol. 8 (1907), p. 239. 
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which must be identically satisfied. We suppose that they are; it may 
then be verified without difficulty that the first and third of equations (11) 
lead to no new relations in the presence of equations (12). All derivatives, 
of any order, will then be expressible, in one and only one way, as linear com- 
hinations of Yuv, Yu» Yos Y» in virtue of equations (12). Equations (12) are a 
necessary and sufficient condition that system (5) be completely integrable, in 
the sense that any fundamental system of solutions of (5) be expressible linearly, 
with constant coefficients, in terms of any other fundamental system.* 

It is now apparent why a completely integrable system of form (5) may 
he made the starting point for our projective theory. Since the configuration 
defined by means of any fundamental system of solutions is a projective 
transformation of that defined by any other fundamental system, it follows 
that geometric properties expressed in terms of the differential equations are 
common to a net and all of its projective transformations; i.e., they are pro- 
jective properties. 

Certain arbitrary features, however, have been introduced by our analytic 
formulation. Because of the use of homogeneous coérdinates and parametric 
equations, it is possible to make any proper transformation of the dependent 
variable of the form 
(13) 


and any proper transformation of the independent variables of the form 
(14) a= U(u), Vie), 


without disturbing the net defined by equations (1). But these transforma- 
tions change system (5) into a new system of the same form, in which the 
coefficients, however, are different. If, then, a combination of the coef- 
ficients and variables of system (5) is to have a geometric significance, it 
must remain essentially unchanged under the transformations (13) and (14). 
We shall call such a combination of the coefficients of (5), and their derivatives 
an invariant; if the dependent variable y also enter explicitly in the expression, 
we shall call it a covariant. 

The calculation of all the invariants and covariants, as thus defined, forms 
the essence of Wilezynski’s method. We shall not perform this calculation 
in the present paper, because our purpose is to seek the geometric facts, rather 
than to give a complete formal theory of the system of differential equations. 

We deduce from the first of equations (12) a relation which will be very 
useful subsequently. Substituting for b°, their values as 


* In the above discussion, we have supposed that all of the functions involved are analytic. 
However, the statement in italics is true even if only the quantities which appear in equations 
(12) exist. This follows from certain theorems which we have given elsewhere. See G. M. 
Green, The linear dependence of functions of several variables and certain completely integrable 
systems of partial differential equations, these Transactions, vol. 17 (1916), pp. 483-516. 
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obtained from (9), we find that 

(15a) a2) + b, = +). 

This shows that there exists a function f such that 
(150) fu=a™4b, fp=a™ +e’. 


We have supposed that the parametric net is not a conjugate net, and 
thus were enabled to write the differential equations of the problem in the 
form (5). We shall find it convenient to write these equations also in the 


form 
Yur = AYuu + BYu + Vr + by, 


(16) 
Yur = yt wrt sy, 


where 
1 
a’ 


(16a) 


1 
a 


Cc 6’ 
a’ a’’ 
Of course in doing this We assume that neither a nor a’ is zero. Geometrically, 
this is equivalent to assuming that neither the curves C, (v = const.) nor the 
curves C, (u = const.) are asymptotic.* 


2. CERTAIN NETS DETERMINED BY THE GIVEN ONE 


On the surface S, determined by equations (1), the net of asymptotic 
curves is of course fundamental. This net may be found from the given 
net as follows. By a transformation of the independent variables of the 
form 


(u,v), b=y(u,r), 


the given parametric net is changed into a new parametric net, which is 
asymptotic if and only if @ and y satisfy the same quadratic partial differential 
equation of the first order,t 


(17) a’ — ay =0. 


* The study of asymptotic nets belongs more properly to the general theory of curved sur- 
faces, since only one asymptotic net exists on a curved surface. The theory of surfaces has 
in fact been developed on this basis in the first three of Wilezynski’s five memoirs on curved 
surfaces, these Transactions, vols. 8-10 (1907-1909). Although the case in which 
only one of the families of curves is composed of asymptotics would appear at first sight to be 
less interesting on account of its lack of symmetry, it seems nevertheless to be useful in the 
general theory of congruences, and especially in the theory of W-congruences, the congruence 
consisting of the tangents to the non-asymptotic curves on the surface. 

7 E. J. Wilezynski, Projective differential geometry of curved surfaces, First Memoir, these 
Transactions, vol. 8 (1907), pp. 233-260, in particular p. 243. 
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We may express this otherwise by saying that the asymptotic net on the 
surface S, is determined by the ordinary quadratic differential equation 


(1) adu? + 2dudv + a’ dv? = 0, 


whose factors are of course distinct, since 1 — aa’ #0. At any point of the 
surface, equation (18) determines the two asymptotic tangents. In fact, 
if (dv/du), and (dv/du),2 are the two roots of the quadratic, then 


de 
Yu + Yu + 


are points on the asymptotic tangents. 
In general, a quadratic differential equation 


(19) + 2Bdudv + Cdr? = 0, 


whose discriminant is different from zero, will define a net of curves on the 
surface, and will determine at any point of the surface the two tangents to the 
curves of the net passing through that point. The coefficients are of course 
functions of uw and v. If, then, a second net be defined by the differential 
equation 


(20) A’ dv? + 2B’ dudv + C’ dv’ = 0, 


the two tangents defined by (19) at any point of the surface will separate 
harmonically those defined by (20), if and only if the harmonic invariant of 
the two quadratics vanishes, i.e., if and only if 


(21) AC’ — 2BB’ + A’'C =0. 


Again, the pair of tangents defined by (19) and the pair of tangents defined 
by (20) determine an involution, and the double rays of the involution will 
be defined by equating to zero the jacobian of the two quadratic forms: 


(22) (AB’ — A’ B)dw + (AC’ — A’ C)dudv + (BC’ — B’C) dv’ = 0. 


The rays defined by equation (22) of course separate harmonically the pair 
given by (19) and the pair given by (20). We have therefore a means for 
determining uniquely a third net of curves from any two given ones. 

Let us apply this idea to the parametric net and the asymptotic net. We 
thus determine a net whose tangents at any point separate harmonically the 
pair of parametric tangents and the pair of asymptotic tangents. But two 
tangents at a point which separate harmonically the asymptotic tangents at 
the same point are conjugate, so that the net which we have determined is a 
conjugate net; we shall call it the associate conjugate net. Its differential 
equation is 

23) — a’ dv = 0. 
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We may state our result in this form: there exists one and only one conjugate 
net, the associate conjugate net, such that the tangents to the two curves of the net 
at any point separate harmonically the parametric tangents at that point. 

We have, of course, implicitly supposed that neither family of curves con- 
stituting the parametric net is composed of asymptotics, i.e., we have assumed 
that both a and a’ are different from zero, as we did at the end of Section 1. 

From the parametric net may be determined still other nets and families 
of curves. For instance, the family of curves (, (v = const.) determines a 
unique conjugate family. The conjugate net of which the curves C,, form a 
component family is defined by the differential equation 


(24) adudv + dv? = 0, 


since v = const. is a solution of this equation, and moreover the simultaneous 
invariant (21) of (18) and (24) is zero. Therefore, the one-parameter family of 
curves conjugate to the family C,, (v = const.) is determined by the differential 
equation 


(25) adu + dv = 0. 


Similarly, the family conjugate to the family C, (u = const.) is determined 
by the differential equation 
(26) du+a'dv=0. 


The conjugate net determined by the family of curves C,, (and also that 
determined by the curves C, ) will be important later. We have investigated 
elsewhere* the subject of conjugate nets from the point of view of the present 
paper, and some of the results of that investigation will be useful. Equation 
(25) shows that the transformation i = U(u,v), = = v, where 


(27) U, aU, 0, 


makes parametric the conjugate net determined by the one-parameter family of 


curves C,, (v = const.) of the original parametric net. 

We shall find it convenient to denote by (, the curves % = const. which 
are conjugate to the curves (,,, and shall then speak of the conjugate net 
(C,, Gy). 

Let us make the transformation just indicated. We have 


(28) Yu = Yuu, Yo = Ju + Ho, 
Yuu = Yuu U? + Yu ens ’ Yur = Yuu U, U, + Yuv U, + Yu | 
You = Yuu U? + U, + + Yu 


*G. M. Green, Projective differential geometry of one-parameter families of space curves and 
conjugate nets on a curved surface (First Memoir), American Journal of Mathe- 
matics, vol. 37 (1915), pp. 215-246; (Second Memoir), ibid., vol. 38 (1916), pp. 287-324. 


(29) 


‘ 
- 
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where Ju, Jur, ete., denote dy/di, 0°y/du*, etc. From the first and second 
of equations (29), we obtain 


Yuu — al u Yur + Ay l v Yu 


in which use has been made of equation (27) and of the first of the following 
two equations which result from differentiation of (27): 


(30) Cum aU yy = dy Uwe = ay U,. 


Using now the first of equations (5), and also equations (28) and (27), and 
introducing the abbreviations (16a), we find very readily the equation 


(31) = — + o> 
a l u l u J 
This is one of the two partial differential equations of the second order which 
constitute the completely integrable system for the surface referred to the 
conjugate net (C,, C,). The other equation may be found as follows. 
'rom the second and third of equations (29), we find 


You — a’ Yu = Yuu ( U; —a’ U, U,) + Yur (2U, —a’ U,) 

+ Yoo + ju( Uw — a’ Uw), 
which in virtue of (5), (27), (80), and (31) may be reduced to an equation in 
Juus Joos Yu, Jo, and ¥. If the conjugate net (C,, Cy) be made parametric, the 
surface S, is defined by a fundamental system of solutions of the completely 
integrable system of partial differential equations 

Yuu = + bin + CY» + dy, 
(32) 
Yuv b’ Yu + e’ Yo + d’y, 
where 
1 
~ (aa’ — 1) U?? 


Qu 


+6+%) 


1 


— (1 — aa’) U, | 
] 


 —aa’)U?\* 


(53) 

é 

> _ 
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Equations (33) are precisely of the form used in our investigations on 
conjugate nets, in the papers already cited. In order to make use of the 
results of these papers, however, it will be necessary to note certain differ- 
entiation formulas. From (28) we have, on using (27), 
0 
whence 

«8 


9 
ou 
Ay 


(35a) a vs 


(35) 


The formulas 


which follow from (34) and (30), will also be found convenient later. 

We may now express, in terms of the coefficients and variables of equations 
(5), some of the important invariants of the conjugate net (C., C,). These 
invariants are given explicitly in terms of the differential equations (32), in 
our memoirs on conjugate nets. The Laplace-Darboux invariants of the net 
are* 

(36) 
so that, writing 


(37) H = ; 


we find in virtue of (33) and (34) that 

h=d—- + aB + + Yu — — Bu); 
(38) a 


In the first memoir on conjugate nets we denoted by B’ and @’ two invariants 
which, if use be made of equations (24), (29), and (38) of that memoir, are 
without difficulty seen to have the values 


thant & ai, 
(39) 26 +2 -: 


We have of course written bars over the 8’ and @’ in accordance with our 
present notation. We may express the right-hand members of equations 
(39) in terms of the coefficients and variables of the original system of differ- 
ential equations (5), by using formulas (33) and (34); wviting 


* First Memoir, equations (42), (47). 


Ov oa a} du’ 
Up, 
a 
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l 


(40 — aa’) ‘© 


we find that 


a, 


— 4—aa Ay 


a 


1 


5 (1 — aa’), 


— aa’) — on Ju 


4 — 3aa’ 
(2 —aa’)B+ ab! — 
a, 1--aa' 


+ (2 = 5, log (1 — aa’). 

The invariants B’ and ©’ are, strictly speaking, invariants peculiar to the 
conjugate net (C,,, C,); for instance, the equation QB’ = 0 expresses a geo- 
metric property of this net* which is independent of the nature of the surface, 
in the sense that on any surface whatever there exist conjugate nets for w hich 
¥’ = 0. Certain combinations of the invariants 8’ and G’, however, express 
intrinsie properties of the surface itself. For instance, if and only if one of 
the quantities + ay’, ©’ — ay’ vanishes, ice., if and only if 
6” + 4B” = 0, will the surface be a ruled surface; also, the surface will be 
a quadrie if and only if both B’ and ©’ are zero.t 

In precisely the same way, we may set up the corresponding invariants for 
the conjugate net (C,, C,) formed by the family of curves C, (u = const. ) 
and the family conjugate thereto. The formulas may be written down, 
however, by changing each of the invariants already found for the conjugate 
net (C,,, C,) in accordance with the transformation scheme 


wu, 6, d, a, B, 8 | 
a’, b’, d’, a’, |’ 
any letter being replaced by the letter immediately above or below it. Thus, 


for instance, the Laplace-Darboux invariants—or rather the invariants 
corresponding to the quantities (38)—are for the conjugate net (C., Cy) 
=d' — +a’ y') —B.+a’'B., 
(42) , 
ki = d' — (25+ a’ +6") + B, — a’ — 
* See page 317 of the second memoir on conjugate nets for the geometric interpretation of 


the vanishing of either 8’ or C’. 
t See the first memoir on conjugate nets, p. 239. 
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3. THE CONGRUENCES OF TANGENTS TO THE FAMILIES OF THE NET. 
LAPLACE TRANSFORMATIONS 
We recall that on the surface S,, given by the equations 
(1 bis) y™) = (u,v) (k =1,2,3,4 


the parametric curves are not asymptotic, and do not form a conjugate net. 
Let us consider the congruence of tangents to the curves (, (v = const. ). 
One sheet of its focal surface is the surface S,; the other sheet may be deter- 
mined as follows. The point whose coédrdinates are y\!?, ---, y\!’, or, as we 
may say, the point y,, is on the tangent to the curve (, which passes through 
the point y. Any point on this tangent except the point y is given by the 
formula 

(43 P = + ry. 


Consider now the ruled surface whose generators are the tangents to the 
curves (, at the points where these curves meet a fixed curve (,. This ruled 
surface is not developable, since we have supposed that the curves (, and (, 
are not conjugate. Now, any plane passing through a non-specialized gen- 
erator of a non-developable ruled surface is tangent to the surface at some 
point on that generator. The point p describes of course a curve on the 
ruled surface; we shall now determine \ as a function of u and v in such a way 
that the curve traced by p shall be the locus of the points in which the ruled 
surface is touched by the planes which osculate the curves (, at the points of 
the fixed curve C,. We need only express the condition that the tangent 
to the curve p at any point lies in the plane which osculates at the corre- 


sponding point y the corresponding curve (,,. The point p is on this tangent; 


another point on the tangent to the curve traced by p as v varies along the 
fixed curve C, is given by 


Po = Yuv + + vy, 
which by the first of equations (16) becomes 


Pv = Yun + BYu + (A+ Y) Yo + (Av + 5) y. 


Now, the points y, Yu, Yuu determine the osculating plane to the curve (, 
at y, therefore the point p, lies in this osculating plane if and only if\ = — y. 
This gives us the required expression for p, viz. 


(44) = Yu 


We may describe the point p geometrically in a slightly different way. 
Consider two points y and y + Ay on a single curve C,, and the two curves 
C,, and C, which pass through them. The tangent to C,, at y cuts in a point P 
the plane which osculates (, at y + Ay. As y + Ay approaches y along (,, 


1920] NETS OF SPACE CURVES 219 


the point P approaches the point p. If we note that the osculating planes to 
(’, and (at y and y + Ay intersect in a line which passes through P , we may 
give the following geometric characterization of the quantity p. The tangents 
tu the curves C, at the points where they meet a fixed curve C, form a non-developable 
ruled surface. The osculating planes to the curves C,, at the same points envelop a 
developable surface. The ruled surface is tangent to the developable surface along 
a curve which is given by the equations 
p® = — yy 

for u = const. 

lor each point y on the surface S,, we have a corresponding point p, and 
consequently the totality of points p form in general a surface S,. We shall 
consider the exceptional cases presently. That the surface S, is the second 
sheet of the focal surface of the congruence of tangents to the curves (C, 
(v = const.) on S, follows immediately from the above geometric discussion. 
In fact, as is well known, the osculating planes to the curves C, envelop the 
second focal sheet of the congruence of tangents to these curves. We may 
also prove this directly. The points p, pu, py determine the tangent plane 
to the surface S, at p. We have 


Pu = Yuu — YYu — Yu Ys 
Pv = Yuu + Byu + (5 — y, 


so that the said tangent plane is in fact the osculating plane, at the corre- 


(45) 


sponding point y, to the curve v = const. The line joining y and op lies in 
this plane, so that this line is tangent to the surface S, at p. The surface S, 
is the second focal sheet of the congruence of tangents to the curves C, (v = const.) 
on the surface S,. 

Similarly, the second focal sheet of the congruence of tangents to the curves C, 
(uv = const.) on S, ts the surface S, defined by the quantity 


(46) o = y — 


The analogy of the foregoing to the theory of the Laplace transformations 
of surfaces referred to conjugate nets, as developed by Darboux, is obvious. 
To the original surface S, we have made to correspond, by means of equation 

11), the surface S, , and to the net of parameter curves on S, a net u = const., 
’ = const.on S,. We may regard equation (44) as defining a transformation 
of S, into S,. In the same way, equation (46) transforms S,into S,. Now, 


the same operations may be carried out on the surfaces S, and S,, giving 


rise to two new surfaces for each of these. And so on indefinitely. There is, 
however, no single continuous sequence as in the Darboux theory, because 
our original net of curves is not conjugate. Nor can a parametric net on 
any one of the surfaces derived from S, by repeated application of the trans- 
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formations (44) and (46) ever be conjugate, if the surface is non-degenerate 
and non-developable, because in that case, by Darboux’s theory, the para- 
metric net on the surface from which the conjugate net was derived would 
also be conjugate. It follows that if S, be any one of the set of non-degenerate, 
non-developable surfaces derived from S, by repeated application of thie 
transformations (44) and (46), then the points nu», mu, M», 7 must be linearly 
independent, that is, there must exist between these quantities no relation 
of the form (2), with non-vanishing coefficients: 


+ + Cry + Dn = 0. 


It may happen, however, that such a relation occurs for a surface of the 


series. That surface must then be developable or degenerate. We investigate 
this possibility for the surface S,, by obtaining the expressions for p, p 


pv, and py»: 
=Yu-— Pu = + (b — ¥) Yu + CY + (d — Yudy, 
= Yuo — — 
= — — Yu lo — Yo Yu — Yur 
(21) _- 7) Yur + (be — Yu 
— + (d@ — Yu) 


= (a 


where are given by equations (9). We have supposed 
Ys Yus Yor Yuv linearly independent, so that the determinant of their coef- 
ficients in equations (47) must vanish if a relation of form (2) is to exist between 


P. Pus Pos We have, then, 
0 l 0 
a b-y¥y c d— yu 
hen — — Yu d@) — Yur 


=0. 


This condition is very easily found to reduce to 

(48) [d+ — + aye] + y?) = 0. 

Each factor of the left-hand member is of course an invariant; in fact, the 
first one is the Laplace-Darboux invariant k of the conjugate net (C,, C.), 
given by the second of equations (38). We may state then the result, that 


the surface S, is developable or degenerate if either of the invariants 


G=ce% 47a - ¥ 


(49) 


vanish for the original net on S,. 
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Similarly, the surface S, is developable or degenerate if either of the invariants 


(Jl )) 


ran ish 
‘he geometric interpretation of the vanishing of G or G’ is not difficult. 
We have by (8) 


Yuun = Yuy + y, + c& yy + y, 
which on using the first of equations (16) becomes 
y = Yun + + Ba® ) Yu + (c8® + ya + (d8® + 


The curves C, are plane if and only if the quantity c®® + ya® vanishes.* 
But by using the values of c®® and a® as given by equations (9), we find that 


(51 4+ = a(e@? + ya? — y, — y?) = al. 


The vanishing of the invariant G is a necessary and sufficient condition that the 


curves v = const. on S, be plane. The curves u = const. on S, are plane if and 
only if the invariant G’ vanishes. 

lf the curves C,, are plane curves, the surface S, is the developable surface 
enveloped by the planes of these curves; if the curves C, are plane, the surface 
S, is the developable enveloped by their planes. 

The interpretation of the vanishing of the Laplace-Darboux invariant / 
is well-known. The surface S, in this case degenerates into a curve, and 
the curves (,, are then conjugate to a family of curves of contact of cones 
enveloping the surface and having their vertices on a curve in space, viz. 
the curve into which S, degenerates. 

The cases just considered are the only ones in which the sequence of Laplace 
transformations for a surface referred to a conjugate net is stopped in either 
direction. For our surface S,, however, which is referred to a non-conjugate 
net, the series of surfaces obtained by successive application of the trans- 
formations (44) and (46) may be stopped in other ways. First we note that 
we have already disposed of the cases in which the quantities py», pu, Pv, p 
are connected by a linear relation. We may therefore suppose that the 
determinant (3) formed for p does not vanish in the case we shall now con- 
sider. Then the quantity p will satisfy a completely integrable system of 
form (5). If we eliminate between equations (47) and the equation 


* For, if + ya@® = 0, a linear relation exists between Yuuu, Yuu, Yu, the deter- 
minant |y¥, y¥, y, y | vanishes identically. But for » = const., this determinant is 
nothing but the wronskian of the four functions y™, y®, y™, y®. Therefore for a fixed v 
a linear relation with constant coefficients exists between y™, y®, y, y@. 

+ Cf. the first memoir on conjugate nets, p. 236. 
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= Yuuu — Yuu — 27 Yu Yuu y 
= aY ) Yur + by Yu + CY) Yo 
> (deo dy Yuu) y 


the quantities yu», Yu, Yo, y—an elimination which may be made in only one 
way, since no linear relation connects these quantities—we obtain the first 
of the following equations: 


Puu = 4-1 Puv + by Pu + C-1 Pv + d_y P, 
Prov Puv + Pu + Pv + 


where in particular 
(54) a4=a. 


The second of equations (53) is obtained by eliminating yu», Yu, Yo, y between 
equations (47) and the equation 


Pov = (A — a’ Yur + (OD 
+ — — + (d™ — — Yen) y, 


(50) 


and the coefficient a_, is without much difficulty found to have the value 


(56) 
where G is given by (49), and 
(57) F=c™ + ya -— — 


In order, now, that the surface S, be non-developable, we must have 
1 — a_, a‘, different from zero, i.e., ¢ — aF must not vanish. On using the 


values for a“ , , a@? , given by (9), we find that 


(58) G—aF =k, 


so that the vanishing of this quantity would lead to nothing new. 

There remains, however, the possibility that a_,, in other words F, may 
vanish. In this case the curves vu = const. on the surface S, are asymptotics, 
and it is obvious that the congruence of tangents to these curves can have 
only the one focal sheet S,. We may therefore state the result, that aside 
from the cases already considered, in which a surface of the series derived from 
S, by means of the transformations (44) and (46) is developable or degenerate, 
the only case in which the series is stopped in any direction arises when a para- 
metric family of curves on a surface derived from S, is asymptotic. The curves 
cannot be asymptotic; the curves u = 


v = const. on S,, and u = const. on S 


a? 


const. on S, are asymptotic if and only if the invariant F given by (57) ws zero, 


while neither kt nor G vanishes. Similarly, if and only if the invariant 


999 

Puu 
(52) 
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(59) F’ = b@ + B’ a® — bp’ — a8” — 28. 


vanishes, whereas h' and G’ are neither of them zero, will the curves v = const. 
on S, be asymptotic. 

In terms of invariants just obtained may be expressed two very important 
ones. A W-congruence is a congruence for which the asymptotic curves on 
the two focal sheets correspond. We may therefore obtain the condition 
that the tangents to the curves C,, on S, constitute a W-congruence by writing 
down the condition that the differential equation which determines the 
asymptotic net on S, is the same as the differential equation which determines 
the asymptotic net on S,. The asymptotics on S, are determined by equation 
(1S); the asymptotics on S, are therefore determined by the equation 


(60) a_; du? + 2dudv + a_, de? = 0. 


Recalling that a_; = a, we see at once that equations (18) and (60) are identi- 
eal if and only ifa_, = a’. Using equation (56), we find that this is equivalent 
to the vanishing of the invariant 

(61) WM =F —a’'G: 


and by means of the expressions given by equations (9) for a® , ce , a@? , e@, 
we find without much difficulty that 


(62) W™ = (a’y +’) — 


A necessary and sufficient condition that the congruence of tangents to the curves 
(',, (v = const.) on the surface S, be a W-congruence, is the vanishing of the 
invariant W“™ defined by equation (61) or (62). 

Similarly, the tangents to the curves C, (u = const.) on S, form a W-con- 
gruence if and only if the invariant 


(63) = F’ —aG’ = + b) — 2B, 
vanishes. 
4. THE AXIS CONGRUENCE 


In analogy to the moving trihedral of metric differential geometry, it is 
important to have for our configuration a moving tetrahedron of reference. 
We have already found what may serve as three vertices of the tetrahedron, 
viz. the points y, p, 7, and the two edges yp and yo. We now determine 
the third edge through y, and on it the fourth vertex of the tetrahedron, as 
follows. 

Since the two curves C,, and C, passing through a point y are not asymptotic, 


their osculating planes at the point y intersect in a line passing through y 
Trans. Am. Math. Soc. 15 
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and not lying in the tangent plane to the surface at y. This line we shall 
take as a third edge of our tetrahedron; we shall call it the axis* of the point y. 
It remains, therefore, to find thereon a covariant point to serve as the fourth 
vertex. 

We first define the axis analytically. If we equate the two values of y,, 
given by equations (16), and then make suitable transpositions, we find that 


OVun + (B — B’) yu + by = Yoo t+ —V) Wt Hy. 


The left-hand member represents a point in the osculating plane to the curve 
C,, at y, the right-hand member a point in the osculating plane to the curve 
C, at y. Consequently either of these expressions represents some point = 
on the line of intersection of the two osculating planes. Using equations (5) 
and (16a), we may find an unambiguous expression for this point: the axis of 
the point y on the surface S, is the line joining the point y with the point z deter- 
mined by the expression 

(64) = Yuv — BY Yu — VYo- 


To each point y of the surface corresponds a definite axis yz. The totality 
of axes form a congruence, which we shall call the axis congruence. We may 
then determine the two sheets of the focal surface of the axis congruence, and 
thereby obtain on any line yz of ‘the congruence two covariant points, viz., 
the focal points of the line yz. We shall find presently that the analytic 
expressions for these focal points are rather complicated, and in fact involve 
irrationalities; we obtain, however, a unique covariant point by taking the 
harmonic conjugate of y with respect to the two focal points. That this 
choice is a very natural one, and one which leads to some important con- 
sequences, will appear in the sequel. 

Any point on the line yz, with the exception of the point y, is given by the 
expression 

= Yur — BY Yu — + 


We wish first to determine \ as a function of u and vin such a way that the 
surface S, thus defined shall be a focal sheet of the axis congruence. There 
will therefore in general be two such functions A(u,v). The tangent plane 
to the surface S, at any point 7 is determined by the three points 7, 9., 7, 
so that if S, is to be a focal sheet of the axis congruence this plane must con- 
tain in it the line yz, or in other words the point y. Therefore we must obtain 
the condition that the four quantities y, 7, nu, 7» be linearly dependent, 
or what is the same thing, that y, z, nu, 7» be linearly dependent. We have 


* This name was introduced by Wilczynski for the corresponding case in which the param- 
eter net on S, is conjugate. See his paper The general theory of congruences, these Trans- 
actions, vol. 16 (1915), p. 314. 
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= Yuu — Yur — Yu — Yu Yo 
= (ae? — ap’ Y) Yur + (6% bp’ Bi) Yu 
+ — cB’ — yu) yo + — dB’)y, 
= (a — a’ y — B’) + — b' y — BL) 
+ (ce — — yo + (d™ y)y, 
so that 
= — aB’ — y) Yur + — bp’ — BL +d) 
+ = cp’ )Y + (d@) dp’ + 
= — — B’) + — b' y — BL) 
+ — — Ww +r) yo + (A —d'y 
Also, 


Now, the points y, 2, ™, 7» Will lie in a plane if and only if the determinant 
of the coefficients of yu», Yu, and y, in the above expressions for , mM», and 
is zero. This determinant when expanded leads to a quadratic equation in ): 


(F + F’ + Bit yw — 28’ 
+(F+y-—6' y)(F’+6.- — =0, 


where F, F’, G, and G’ are given by (49), (50), (57), and (59). The focal 
sheets of the axis congruence are given by the expressions 


(O06) 


(07) T2 =z+hey, 
where \, and Xz are the roots of the quadratic (66). 

The actual explicit expressions for \; and 2 are of course complicated. 
We may, however, obtain a covariant point with a neater expression, and 
which is moreover uniquely determined, by choosing the point + which is 
the harmonie conjugate of the point y with respect to the corresponding focal 
points 7;, T2. We find without difficulty that 


(OS) 
=z-3(F+F’ — Bit w)y- 


The discriminant of the quadratic (66) is easily found to be 


(69) A = (F — F’+ — B.)? + 466’. 


Its vanishing is of course a necessary and sufficient condition that the focal 
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sheets of the axis congruence coincide, in other words that the axis congruence 
consists of the tangents to one of the two families of asymptotics on the focal! 
surface. It is obvious that on any curved surface there exist nets for which 
the axis congruence has this property ; it will also follow from our subsequent 
discussion that a given congruence formed of the tangents to a family of 


asymptotics on a surface is the axis congruence of an indefinite number of 


nets of curves on any surface cutting the lines of the congruence. 


5. THE RULED SURFACES OF THE AXIS CONGRUENCE 


The lines yz of the axis congruence which pass through the points of a fixed 
curve (,, (v = const.) on the surface S, generate a ruled surface R™. Simi- 
larly, to every curve (, (wv = const.) on S, corresponds a ruled surface R‘” 
of the axis congruence. We shall call the surfaces R“ and R“ the parametric 
ruled surfaces of the axis congruence. 

The osculating plane to a curve (, at any point y contains in it the axis of 
that point, so that the said osculating plane is tangent to the ruled surface 
R™ at y. Therefore, the surface S, intersects the parametric ruled surfaces in 
asymptotic curves on the latter. 

If a parametric ruled surface R“ be a developable, then the osculating 
plane to the curve (,, at any point is tangent to R“”? along the entire generator 
through that point, so that the developable is the envelope of the osculating 
planes of (,. But the axes yz corresponding to the points of (, can not be 
tangents of the curve (,,, as they would have to be if (,, were a twisted 
curve. Consequently, the ruled surfaces R™ will be developable if and only if 
the corresponding curve C, is a plane curve, and the plane of the curve will be the 
developable. 

Let us suppose that the ruled surfaces R“™ are not developable, and let 
us fix our attention on a single point y of the surface S,. Through this point 
passes a single curve C,, and also a single parametric ruled surface R™ . 
Then the plane which osculates the curve C, at y passes through the generator 
yz and is therefore tangent to the ruled surface R“ at some point of yz. 
We proceed to find this point of tangency. Any point of the line yz, except 
the point y, is given by an expression of the form 


n=2z+hy. 


As the point y moves along the curve (,,, the line generates the ruled surface 
R™ , and the point 7 traces a curve on this ruled surface. We wish to deter- 
mine \ in such a way that the tangent to the curve described by 7 shall lie 
in the plane which osculates the curve C, at y. Using the first of equations 


(65a), and the second of equations (16), we find without difficulty that 
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mu = a’ (a@ — ap’ — Yoo 
+ — bp’ — B. + B’ — af’ — y) +A] mu 
+ — of —y t+ 7 (a™— af’ — 7) 
+ [d@ — dp’ + — af’ — y) + 


Now 7, is a point on the tangent to the curve traced out by 7, while the 
osculating plane to the curve (, at y is determined by the points y, Ys, You- 
Therefore the point 7, lies in this plane if and only if the coefficient of y, in 


the expression just found for 7, is zero. This condition determines \, which 
according to (59) has then the value — F’ + B’y — 8). The osculating 
plane to a curve C, (u = const.) at a point y of the surface S, is tangent at the 


point 


(71) 


fo the parametric ruled surface R™ which passes through the point y. 
Similarly, the oseulating plane to the curve C,, at the point y is tangent to the 
ruled surface R“ at the point 


(72) 


The harmonic conjugate of the point y with respect to the two covariant 
points 7 and 7’ is precisely the point 7 given by equation (68). We recall 
that 7 was first defined as the harmonic conjugate of the point y with respect 
to the focal points on the line yz of the axis congruence. It is therefore 
natural to inquire under what conditions the points 7, 7’ coincide with the 
focal points. Of course if one of them is a focal point the other must be also. 

Consider the surface S, formed by all the points 7 corresponding to the 
points of the surface S,. The surface S, is a focal sheet of the axis congruence 
if and only if the tangent plane at a point 7 contains in it the line yz passing 
through that point. In other words, we seek the condition that the points 
Ys, 2, Nu, M lie in a plane. If in equations (65a) we put for X its value, 
— (F’ — B’y +B), and recall that 


= Yu — BY Yu — 
we obtain the following expressions for 7, and ,: 
= — aB’ —y)z+Gy+( )y, 


where the coefficient of y in the first equation, and the coefficients of y, and y 
in the second equation, do not concern us. The quantities G and G’ are the 
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sheets of the axis congruence coincide, in other words that the axis congruence 
consists of the tangents to one of the two families of asymptotics on the focal! 
surface. It is obvious that on any curved surface there exist nets for which 
the axis congruence has this property ; it will also follow from our subsequent 


discussion that a given congruence formed of the tangents to a family of 
asymptotics on a surface is the axis congruence of an indefinite number of 


nets of curves on any surface cutting the lines of the congruence. 


5. THE RULED SURFACES OF THE AXIS CONGRUENCE 

The lines yz of the axis congruence which pass through the points of a fixed 
curve (, (¢ = const.) on the surface S, generate a ruled surface R™.  Simi- 
larly, to every curve (, (uw = const.) on S, corresponds a ruled surface R°” 
of the axis congruence. We shall call the surfaces R“™ and R“ the parametric 
ruled surfaces of the axis congruence. 

The osculating plane to a curve (, at any point y contains in it the axis of 
that point, so that the said osculating plane is tangent to the ruled surface 
R“° at y. Therefore, the surface S, intersects the parametric ruled surfaces in 
asymptotic curves on the latter. 

If a parametric ruled surface R“° be a developable, then the osculating 
plane to the curve (, at any point is tangent to R“? along the entire generator 
through that point, so that the developable is the envelope of the osculating 
planes of C,. But the axes yz corresponding to the points of C, can not be 
tangents of the curve (,, as they would have to be if (, were a twisted 
curve. Consequently, the ruled surfaces R™ will be developable if and only if 
the corresponding curve C, is a plane curve, and the plane of the curve will be the 
developable. 

Let us suppose that the ruled surfaces R“ are not developable, and let 
us fix our attention on a single point y of the surface S,. Through this point 
passes a single curve C,, and also a single parametric ruled surface R™. 
Then the plane which osculates the curve C, at y passes through the generator 
yz and is therefore tangent to the ruled surface RR“? at some point of yz. 
We proceed to find this point of tangency. Any point of the line yz, except 
the point y, is given by an expression of the form 


n=z+hy. 


As the point y moves along the curve (,,, the line generates the ruled surface 
R™ , and the point 7 traces a curve on this ruled surface. We wish to deter- 
mine \ in such a way that the tangent to the curve described by 7 shall lie 
in the plane which osculates the curve C, at y. Using the first of equations 
(65a), and the second of equations (16), we find without difficulty that 
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nu = a’ — aB’ — 7) Yor 
+ — bp’ — BL + B’(a“ ap’ — y) +A] 
+ — dp’ + — ap’ — + 


Now is a point on the tangent to the curve traced out by 7, while the 
osculating plane to the curve (', at y is determined by the points y, Yo, You- 
Therefore the point 7, lies in this plane if and only if the coefficient of y, in 
the expression just found for 7, is zero. This condition determines \, which 
according to (59) has then the value — F’ + B’y — 8). The osculating 
plane to a curve C, (u = const.) at a point y of the surface S, is tangent at the 
point 


71) 


fo the parametric ruled surface R“ which passes through the point y. 
Similarly, the osculating plane to the curve C, at the point y is tangent to the 
ruled surface R at the point 


7 =2—(F-Bly + 


The harmonic conjugate of the point y with respect to the two covariant 
points 7 and 7’ is precisely the point 7 given by equation (68). We recall 
that 7 was first defined as the harmonic conjugate of the point y with respect 
to the foeal points on the line yz of the axis congruence. It is therefore 
natural to inquire under what conditions the points 7, 7’ coincide with the 
focal points. Of course if one of them is a focal point the other must be also. 

Consider the surface S, formed by all the points 7 corresponding to the 


points of the surface S,. The surface S, is a focal sheet of the axis congruence 


if and only if the tangent plane at a point 7 contains in it the line yz passing 
through that point. In other words, we seek the condition that the points 
Vv, 2) Nus M» lie in a plane. If in equations (65a) we put for X its value, 
— (F’ — B’y + B.), and recall that 

= Yur — Yu — 
we obtain the following expressions for y, and np: 

= — ap’ —y)z+ Gyt+( )y, 
(a —a’y + ( + ( 


where the coefficient of y in the first equation, and the coefficients of y, and y 
in the second equation, do not concern us. The quantities G and G’ are the 
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invariants given by (49) and (50), whose vanishing is a necessary and sufficient 


condition that the curves (, and (, be respectively plane curves. 
Equations (73) show that the points y, z, mu, 7» lie in the same plane if and 
only if GG’ = 0. We have therefore the result: the surfaces S, and S,, are 


the focal sheets of the axis congruence if and only if one of the families of curves 
of the parametric net C,, Cy on the surface S, consist of plane curves. 

We see, then, that the points 7, 7’ do not in general coincide with the focal 
points, and in recapitulation we may describe our configuration as follows. 
Suppose that neither of the component families (,, C, of the given net of 
curves on the surface S, consists of plane curves or asymptotices.* At any 
point y of the surface, the osculating planes to the curves C,, Cy, which pass 
through that point intersect in a line, the axis of the point y, which is not 
tangent to the surface at y. The totality of these lines form a congruence, 
the axis congruence, the two focal sheets of which are touched by each line 
of the congruence in two focal points on that line. The harmonic conjugate 
of the point y with respect to the two focal points gives a point 7 covariantly 
associated with y. Consider now the curves (, and C, which pass through 
the point y. The lines of the axis congruence which cut the curve C, form a 
non-developable ruled surface R“ , and those which cut the curve (, form a 


non-developable ruled surface R. 


The osculating plane to the curve C, 
at y is tangent to the ruled surface KR“? at a point n on the axis of y, and the 
osculating plane to the curve (, at y is tangent to the ruled surface R“™ at a 
point 7’ on the same axis. The harmonic conjugate of the point y with respect 
to the points 7, 7’ is the point 7, which is also the harmonic conjugate of 
with respect to the focal points of the axis. That is, the points 7, 7’ are 
harmonically separated by the points y, 7, and these in turn by the focal 
points. 

The above discussion suggests at once some new investigations in the 
general theory of congruences. First of all, given a rectilinear congruence 
I, and a surface S, such that one and only one line yz of the congruence 
passes through each point y of the surface, can a net of curves be determined 
on S, for which the congruence [ is the axis congruence? The question is 
identical with a familiar one in metric geometry, viz., the determination of 
the geodesics on a surface. Recalling that a geodesic is characterized by the 
property that the osculating plane to the curve at any point contains in it 
the normal to the surface at that point, we see that if the given congruence I 
is the congruence of normals to the surface, this congruence is the axis con- 
gruence for any net of curves on the surface formed of geodesics. Our general! 

*In our analytic work, we have found it convenient to suppose that the net is not con- 
jugate. Our geometric description will, however, be applicable to a conjugate net, as we have 
in fact shown in the second memoir on conjugate nets already cited. 
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problem, then, is the determination of all the curves on the surface S, which 


have the property that the osculating plane at any point of one of the curves 
contains in it that line yz of the congruence [ which passes through the point. 
It may be shown, exactly as in the case of geodesics, that there exist on the 
surface S, a two-parameter family of curves, or as we may say %* curves, 
which have the desired property.* Any net formed of two one-parameter 
families of such curves will then have the congruence [ as its axis congruence. 

Let us select a net of curves of the kind just described. We may apply the 
geometric results obtained above to this net and its axis congruence, I’, and 
thus fix, on the Jine of the congruence passing through y, the two points 
n,n’. By choosing a different net from among our «* curves on S,, or by 
considering an entirely different surface through y—referred of course to ¢ 
net of curves bearing the above characteristic relation to the congruence T- 
we obtain a new pair of points 7, 7’ on the line through y. In this way, 
keeping y fixed, we obtain on the line an infinite number of pairs of points 
», n’, which, as we know, are pairs of an involution. The double points of 
the involution are the point y and the associated point +. Similarly, for any 
other point y of the same line of the congruence may be obtained a related 
point 7. The associated points y and 7 are in fact pairs of an involution, the 
double points of which are the focal points of the congruence. 

Of course, the above description will lend itself to refinement, but since our 
discussion in the present paper is centered about a net of curves, we shall not 
examine more closely these questions in the general theory of congruences. 

The considerations of the present section are readily exemplified in metric 
geometry. As we have already pointed out, if the parametric net of curves 
on the surface is composed of geodesics, the axis congruence is the congruence 
of normals to the surface. The focal sheets of this congruence are the surfaces 
of centers, or, in other words, the focal points are the principal centers of 
curvature. It is hardly necessary to state the theorems which result here 
from our general discussion. One of them, however, deserves explicit men- 
tion. If R; and R, denote the principal radii of curvature at a point y of the 

*We have suggested here a new class of curves on a surface, which form a very natural 
projective generalization of geodesics. Given a surface, we may replace the congruence of 
its normals by another congruence also uniquely determined by the surface, but in a purely 
projective way. We refer to the directrix congruence of the second kind—a congruence intro- 
duced by Wilezynski in his second memoir on curved surfaces, these Transactions, 
vol. 9 (1908), pp. 79-120. The «? geodesics will then be replaced by the «? curves which 
are characterized by the property that the osculating plane to any one of the curves at any 
point contains the line of the directrix congruence of the second kind passing through that 
point, 

The present writer has learned that Miss Pauline Sperry has investigated independently 
this very generalization of geodesics, in her Chicago dissertation, published in the A meri - 
can Journal of Mathematics, vol. 40 (1918), pp. 213-224. 
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surface, then the focal points 7; and 72 of the normal to the surface at y are 
at distances R, and R, from y. The point 7, which is the harmonic con- 
jugate of y with respect to 7; and 72, is easily seen to be at a distance R from 
y given by 


1 


+ 


R 


Now, if the distance R is the same for each point y of the surface S,, the 
generated by the points 7 is parallel to the surface S,. In that 


surface S, g 
case the mean curvature 1/R; + 1/Re is also constant. Conversely, if the 
mean curvature is constant, the surface S, is parallel to the surface S,. We 
may therefore state the result, which gives a geometric characterization of 
surfaces of constant mean curvature: 

On the normal to a surface S, at each point y, mark the principal centers of 
curvature, and let the point 7 be the harmonic conjugate of y with respect to these 
two points. Then the suface S, is a surface of constant mean curvature if and 
only if the surface S, formed by the points r is parallel to the surface S,. In 
that case the surface S, will also be of constant mean curvature. 

6. THE DEVELOPABLES OF THE AXIS CONGRUENCE 

To every curve on the surface S, corresponds a ruled surface of the axis 
congruence. We proceed now to determine the curves on S, which correspond 
to the developables of this congruence. According to the general theory of 
congruences, there will in general be two one-parameter families of such 
developables, and consequently a net of curves on S, corresponding thereto. 

As the point y traces out a curve on the surface S,, the corresponding 
axis yz generates a ruled surface. The point dy = y, du + y, dv lies on the 
tangent to the curve traced by the point y, and the point dz = z, du + 2, de 
lies on the tangent to the curve traced by the corresponding point z. In 
order that the said ruled surface generated by the line yz be a developable, 
it is necessary and sufficient that the four points y, z, dy, dz lie in a plane. 
From equations (65), we find that 


dz = x, du + 2, dv 
=[(a°?) — ap’ — y)du + (a — a’ y — B’) de] yu» 
+[(b& — 6B’ — B,)du + (b" — — Bi) 
+ [(e% — cB’ — du + — ce’ y — yo) do] y 
+ [(d°? — dp’)du + (d™ —d'y)dv]y. 
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We also have 
dy = y, du + yy dv, = — Yu — 

If, then, the points y, z, dy, dz are to lie in a plane, the determinant of the 
coefficients of Yuv, Yu, Ye Which appear in the expressions for z, dy, and dz 
must vanish. The vanishing of this determinant is moreover sufficient as 
well as necessary. On expanding the said determinant and equating to zero, 
a quadratic differerttial equation is obtained which, if use be made of equations 
(49), (50), (57), and (59), is without difficulty found to be 


(74) Gdw + (F F’+y, — B,)dudv — de’ = 0. 


rom the general discussion given at the beginning of Section 2, it follows 
that the differential equation (74) defines a net of curves on the surface S,. 
We shall call this net the axis net, and the curves of the net the axis curves. 
Through a point y of the surface pass in general two curves of the net; we 
shall call the tangents to these curves at the point y the axis tangents of the 
point y. 

The quadratic (74) will of course define only a one-parameter family of 
curves if the discriminant 


A=(F-F'+y — 8)? + 


vanishes. This discriminant is the same as the discriminant of the quadratic 
(46) which determined the focal sheets of the axis congruence, as was to be 
expected. 

rom equation (74) we may read off at once the result which we have already 
proved geometrically, that the parametric ruled surfaces—i.e., the ruled 
surfaces of the axis congruence which correspond to the parametric curves 
(, and C, on the surface S,—are developable if and only if G and G’ are zero, 
in other words, if and only if the curves C, and (, are plane curves. 

We see also that the axis tangents corresponding to a point y separate har- 
monically the parametric tangents at y if and only if 


(75) =0. 


If we refer to equations (71) and (72), which define the two covariant 
points 7 and 7’, we find that equation (75) is a necessary and sufficient con- 
dition that these two points coincide. We may therefore state the following 
geometric criterion: the axis tangents at a point y of the surface separate har- 


monically the parametric tangents if and only if the two points coincide in which 
the osculating planes to the curves C,, and C, at y are tangent to the parametric 
ruled surfaces R™ and R™ respectively. 

Regarding equation (74) as a binary quadratic, and recalling that the 
asymptotic curves of the surface are given by the quadratic 
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(18 bis) adu? + 2dudv + a’ dv = 0, 


we may find the condition that the axis curves form a conjugate net, i.e., 
that the axis tangents separate harmonically the asymptotic tangents. This 
condition will be the vanishing of the simultaneous invariant (21), which gives 


a’G —aG’ —F+F’-y,+8. =0. 


Using equations (61) and (63), we may state the result in the following form: 
the axis curves form a conjugate net if and only if 


(76) +B. =0. 


Let (dv/du), and (dv/du). denote the roots of equation (74) considered 
as a quadratic in dv/du. Then the axis tangents of the point y are the lines 
joining y to the points 


de 
Yu + ve Yu + 


Using this fact, we may show without difficulty that the plane determined 
by the axis and either of the axis tangents is tangent to each of the parametric 
ruled surfaces R“ and R“™ at one of the two focal points. 

This last proposition may also be proved geometrically, i 
that a plane which is tangent to a developable of a congruence is also tangent 


it be remembered 
to one of the focal sheets. 


7. THE RAY CONGRUENCE AND ITS DEVELOPABLES 
In Section 3 were introduced the covariant points 
YY; 


which we may call respectively the minus first and first Laplace transforms 
of the point y with respect to the parametric net (C,, C,). Let us call the 
line joining the points p and o the ray* of the point y; it is a line which lies 
in the tangent plane to the surface. The rays corresponding to all the points 
of the surface form a congruence, which we shall call the ray congruence.* 

In general, the ray congruence will have two focal sheets, and on each ray 
there will be two focal points, i.e., the points at which the ray is tangent to 
the focal sheets. We may determine the focal points on a ray po as follows. 
Any point on the ray is given by an expression of the form 


(44) R=pt+uc. 

* The names ray and ray congruence were applied by Wilczynski to the corresponding case 
in which the parametric net is conjugate. See his memoir, The general theory of congruences, 
these Transactions, vol. 16 (1915), pp. 311-327. 
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The totality of points R corresponding to the points y of the surfaces S, 
form a surface S,. We wish to determine yu as a function of uw, v so that the 
surface S, shall be a focal sheet, i.e., so that the line po shall be tangent to 
the surface S,. In other words, the points p, a, R,, R, are to lie in a plane. 
We have 

Pu = + (b — ¥) Yu + + (d — 

Pv = Yuv — Yr 

Cu = Yur — Bi. 


Or = Yur t yw + — + —Bi)y, 


so that 
= Pu + 
(a+ 2) Yu + (b — — Yu + + (d — Yu 
= Py + 
(1 +4’ Yur + + — B’) — V1 
+[(d’ — B.)u — wly. 


P=Yu-— YY; =y— By. 


If, now, the points p, ¢, R,, R, are to lie in a plane, it is necessary and suf- 
ficient that in the expressions just written for p, 0, Ru —mwio, Ry — we 
the determinant of the coefficients of yur, Yu, Yo, y vanish. This yields a 
quadratic equation for x, which is at once found to be 


(79) h’ +[ah’ —a’k + (1 — aa’) — w) —k =0, 


where h’ and k are invariants given by equations (49) and (50). The focal 
sheets of the ray congruence are given by the covariants 


(SO) Ri=pt+me, =pt+mo, 


where fy and pe are the two roots of the quadratic (79). 
We may write the quadratic (79) in two other forms which are sometimes 
more useful. From (58) and (61) we find that 


(SL) k = (1 —aa’)G —aW™, a’ k =(1—aa’)F -—-W™, 
Similarly, we have the relations 


= (1 —aa’)G’ W™, ah’ = (1 —aa’)F’ -—-W™, 


Equation (79) may therefore be written in either of the following ways: 


(S83) Ww + 4+ (1 -—aa’)(F’ =0, 


Also, 
i 
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Wo vo wo 


1 — aa’ aa’ 


We 
1 — aa 


We recall that the axis curves, i.e., the curves in which the developables of 
the axis congruence cut the surface S,, are defined by the differential equation 


(74 bis) Gdi2 + (F — F’ + y, — 8) dudv — G’ de? = 0. 


Consequently the axis tangents of a point y of the surface are the lines joining 
that point with the points 


de dv 
du p+ du 


where (dve/du); and (de/du are the roots of the quadratie (74). Using (S4) 
as the equation for the determination of the yw; and pe of (SO), we see that 
the points R; and R:, the focal points of the ray, lie on the axis tangents if 
and only if W°® and W” are both zero. The axis tangents at each point of the 
surface S, intersect the corresponding ray in the focal points of the ray if and 
only if both of the. congruences of tangents to the parametric curves C, and (, 
on S, are W-congruences. 

We proceed now to set up the differential equation which defines the de- 
velopables of the ray congruence. As the point y traces out a curve on the 
surface S,, the corresponding rays po generate a ruled surface of the ray 
congruence. We seek those curves on S, for which the corresponding ruled 
surfaces of the ray congruence are developable. We shall call these curves 
the ray curves of the surface. They are of course determined by the particular 
parametric net to which the surface is referred. 

If the line po is to generate a developable, the four points p, ¢, 
dp = p,du + p, de, de =o, du +o,dv must lie in a plane. Using equa- 
tions (78), we find immediately that 


do = (adu + de) + (b — 7) du > me + (edu 
+ [(d — yu) du — dely, 

da = (du +a’ dv) yw + (— B’ du + b’ dv) + — B’) dv yo 
+[— Bi. du + (d’ — B,)dv|y. 


Equating to zero the determinant formed from the coefficients of yur, Yu, 


Yv, y in the expressions for dp, da, and p = yu — Y¥,o = Yo — B’ y, we obtain 
the condition that these last four points lie in a plane. On expanding the 
determinant, it is found without difficulty that the ray curves of the surface Sy 
are defined by the differential equation 
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+ a(B. — yo) ]du® + [a’k — ah’ + (1 + aa’) (8. — y,)] dude 
—[h’ —a'(B. — yw) =0, 


where the Laplace-Darboux invariants / and h’ are given by equations (49) 
and (50). 

As was to be expected, the ray curves form in general a net of curves on 
the surface S,. We shall call the two tangents at a point y to the two curves 
of the net which pass through y, the ray tangents of the point y. 

\ comparison of equations (79) and (85) will show at once that the ray 
tangents meet the ray in the focal points of the ray if and only if 


(SG) B. = 0. 
We recall once more that the asymptotic curves of the svrface S, are defined 


by the quadratic (18), 
adu? + 2dudv + a’ dv? = 0. 


The harmonic invariant of this and (85) is (1 — aa’)(8Bi — y,). This 
can vanish if and only if 8, — y, = 0, since we have supposed 1 — aa’ to 
be nowhere zero. Combining this with the result previously obtained, we 
see that the ray curves form a conjugate net if and only if B. — yo = 0, that is, 
if and only if at each point of the surface the ray tangents meet the corresponding 


ray in the focal points of the ray. 

An interesting special case of this last theorem is that in which the axis 
curves also form a conjugate net. In that case equation (76) is satisfied in 
addition to equation (86). The ray curves and axis curves both form conjugate 
nets if and only if 
(S7) B. Ww =0, Wo = 0. 


In virtue of equations (81) and (82), the differential equation of the axis 
curves, (74), may be written 
(k + aW™ )dw+ [ak — ah’ + 
— (1 — aa’) (8. — | dude — +a W™) de’? = 0. 


(SS) 


Comparing this with equation (85), we observe that the axis curves coincide 
with the ray curves if and only if 


(S9) W™ — —y,) = 0, + (B. — = 0. 


We may use the results just obtained in stating the following theorem. 

TnHeorem. If for the parametric net on the surface S, the developables of the 
aris and ray congruences correspond, and if the axis and ray curves both 
form conjugate nets, then the congruences of tangents to the two parametric 
families C, and C, are W-congruences. 
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Another geometric criterion that the ray curves form a conjugate net may 
be obtained as follows. From the second of equations (78), we find at once 
that 


(90) 


Pv — B’ p = Yur — Yu — + — Y 
z+ (B’y — 


Now, the line pp, is the tangent at p to the curve u = const. on the surface S.. 
The left-hand member of equation (90) is a point on this tangent, and thie 
right-hand member is a point on the axis of the point y. Therefore, the aris 
yz of a point on the surface S, is met in the point 


(91) (8 y¥—w)y 


by the line pp», which is tangent to the corresponding curve u = const. on the 
surface S,. 

Similarly, the tangent oo, to a curve v = const. on the surface S, intersects the 
corresponding axis yz in the point 


(92) —-B.)y. 


Consequently, the points ¢ and ¢ coincide if and only if B.. = Yv, that is, if 
and only if the ray curves form a conjugate net. 
In Section 5, we found that the osculating plane to the curve C, at the 


point y is tangent at the point 
(71 bis) 


to the ruled surface R‘ of the axis congruence which corresponds to the 
curve (,. The point 7 coincides with the point ¢’ given by (92) if and only 
if F’ = 0. But the vanishing of the invariant F’ , which is given by equation 
(59), is a necessary and sufficient condition that the curves v = const. on S, 
be asymptotics. Hence, the points n coincide with the points ¢' if and only if 
the curve v = const. on the surface S, are asymptotic. 

Similarly, the points n’ given by equation (72) coincide with the points ¢ if 


and only if the curves u = const. on the surface S, are asymptotic. 


A SET OF POSTULATES FOR FIELDS* 
NORBERT WIENER 


INTRODUCTION 


Huntingtont has developed a set of thirteen independent postulates for 
fields. These postulates make use of the undefined notions of multiplication 
and addition. They thus represent a state of the theory of postulates for 
fields analogous to that prevailing in boolean algebras before the work of 
Sheffer.{ Sheffer showed that the three operations of disjunction, conjunc- 
tion, and negation could be derived by iterating the operation @ © b, and 
that the logical constants z and u could be obtained in like manner. It is 
the purpose of this paper to perform an analogous task for ordinary algebra. 
Our undefined operation, which we shall symbolize by x @ y, will turn out 
tu have the formal properties characteristic of 1 — x/y. 


POSTULATE SET FOR FIELDS 
We assume: 
I. Aclass K, 
II. A binary K-rule of combination @. 

III. The following properties of K and @: 

1. Whatever x may be, there is a K-element y such that x @ (y @ y) is 
not a A-element. 

2. If x and y are K-elements, but x @ y is not a K-element, there is a A- 
element z such that y = z @z. 

3. Whenever zx and y are distinct K-elements, either x @ y or y@2 is a 
K-element. 

4. Whenever x, y, uw, v, and their indicated combinations are K-elements, 
andz@y =u@v, thenz@u=y@vr. 

Definition. Z = x @z, if x and x @z belong to K, and x @ z is unique 
in the system. 
- Presented to the Society, December 30, 1919. 

+ E. V. Huntington, Note on the definitions of abstract groups and fields by sets of independent 
postulates, these Transactions, vol. 6 (1905), pp. 181-193. 

tH. M. Sheffer, A set of five independent postulates for boolean algebras, with application to 
logical constants, these Transactions, vol. 14 (1913), pp. 481-488. Sheffer’s termin- 


ology and method of exposition are followed closely here. 
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5. If x,y, x @y, and Z are A-elements, and x @y = Z, then x = y. 
6. If x, y, z, Z, and their indicated combinations belong to K, 


@ (Z @z @z) @ (Z @2z)] 


Definition. U = Z@x, if x, Z, and Z@zx belong to K, and Z@x is 
unique in the system. : 

Definition. @z]@U}} @ U, if all the 
indicated expressions belong to A. Otherwise, if Z belongs to K,2 © y = Z. 

Definition. x~y=xO(y@2). 

7. If x, y, u, v, and all their indicated combinations belong to A, we 
have (a~y)~ =(r~u)~(yrr). 

Definition. x ® y is defined as u, the unique A-element for which x = u 
~ y, if such a unique A-element exists, and as Z, if Z is a K-element, and if 
there is no A-element u for which x = u ~ y. 


CLASSIFICATION OF POSTULATES 1-7 


Postulate 1 is a simple existence-postulate. Postulates 2 and 3, while in 
form hypothetical existence-postulates, function as K-closing postulates in a 
limited sense, for they narrow the class of cases where x and y are K-elements, 
while x @ y fails to bea K-element. Postulates 6 and 7 are simple equivalence- 
postulates, for they assert that two expressions shall always have the same 


meaning when they are significant. Postulates 4 and 5 are hypothetical 
equivalence-postulates, with equivalences for hypotheses. Thus our set 
consists of one simple existence-postulate, two hypothetical existence-A-closing 
postulates, two simple equivalence-postulates, and two hypothetical equiva- 
lence-postulates. 


CONSISTENCY OF POSTULATES 1-7 


With the following interpretation of A and @ postulates 1-7 are satisfied: 
K consists of all rational numbers, and x @ y = x/y. 


INDEPENDENCE OF POSTULATES 1-7 

With each of the interpretations of A and @ given in (1)-(7) below, all 
postulates except the one correspondingly numbered are satisfied; that 
postulate is therefore independent of the remaining six. 

(1) K contains only one element m; m @m = m. 

(2) K contains only two elements, m and n; m@m =m; n@m 
m @ nand n @ n do not belong to A. 

(3) K contains only two elements, m and n; m@m=m; n@n 
m @ nand n @ m do not belong to K. 

(4) K contains only three elements, /, = /,, /2, and 13; 1, @ 1:41 does not 
belong to A; otherwise /; @ 1, = Up41. 
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(5) K contains only two elements, m and n; m@m=m@n=n@m 
= n; n @n does not belong to kK. 

(6) K contains only three elements, /, m, and n; @ is defined by the 
following table (for example: 1 @ m = n; 1 @/ does not belong to A). 


m 


n 
l 
m 


(7) K consists of all complex numbers; 
(x + iy) @ (u+iv) =1- 


DEDUCTIONS FROM THE POSTULATES 


TueoreM I. K contains at least two elements. 

TuHeoreM II. K contains an element answering to the definition of Z. 

THeorEM III. If x and y belong to K, andy ¥ Z, x @y belongs tok. 

TueoreM IV. K contains no elements of the form x @ Z. 

THEeorREM V. KA contains an element distinct from Z, answering to the 
definition of U. 

TueoreM VI. If x,y, and z belong to K and y ¥ Z,2# Z, then 


@U] @z = @z) @U] @y. 


TueorEM VII. I[f xis a K-element, (x @U) @U = 2. 

TueorEM VIII. yA Z and x =y Oz, then z = (x @y) @U, and 
conversely. 

TuHeoreM IX. If x and y belong to K, x © y belongs to K. 

THEOREM X. rOy=yOu. 

TueoreM XI. = Z, and vice versa. 

TueorEM XII. If x and y belong to K, x ® y belongs to K. 

TueorEeM XIII. [fz =2,2 = Z and vice versa. 

TuHeorEM XIV. Z, thene = y. 

THeoREM XV. (tOy)Oz=20(yO2). 

TueorEM XVI. (y@z) Oy) Oz). 

TueorEM XVII. 

TueorEM XVIII. (ex @y) @z =x @(y 

THEOREM XIX. If x is a K-element, there is a K-element y such that 
y@rx=Z. 

THEeorREM XX. If x and y are K-elements, there is a K-element u such that 
uSBxr=y. 
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PROOFS OF THE PRECEDING THEOREMS 


Proof of I. If K contains only one element 2, it follows by 2thatx @z = x 
Hence x @ (x @ x) = x and is a K-element. As this contradicts 1, K con- 
tains at least two elements. 

Proof of II. (1) K contains an element of the form x @ z [by 1 and 2]. 

If x and y are A-elements, x @ y or y @ x is a K-element [by 3]. 

Ife@y isa K-element, 7 @y =2@y. Then, if @z and y @ y are 
K-elements, 

(2) r@r=y@y. 
Similarly, ify @2,2@a, and y @y are K-elements, 
(3) r@r=y@y. 


Hence A contains a unique term Z [by (1), (2), (3) and the definition of Z}. 
Proof of III. This theorem follows directly from II and 2. 
Proof of IV. This theorem follows directly from II and 1. 
Proof of V. [(Z2@y) @(Z@y)] @z belongs to K unless y = Z or 
z= Z [by Therefore, if y # Z, 


\(Z@y) @(Z @y)| @z = @2z) @(Z @z)| @ y [by 6 and II]. 


(1) Z@z = Z@y |by Il]. 
(2) Z @ Z is not a member of K [by IV]. 


(3) U isa member of K [by (1), (2) and the definition of U]. 

If Z = U, then if x is a AK-element other than Z, Z @ x = Z [by III and 
the definition of U]. Then Z = x, which is impossible [by 5]. But A con- 
tains an element other than Z [by I]. 

(4) 

Statements (3) and (4) constitute the theorem. 

Theorems I-V inclusive will be used in the following proofs without explicit 


citation. 

Proof of VI. This theorem follows directly from V and 6. 

Proof of VII. [by Vii, 
=(Z@U)@U=U@U =z. 


(x@U)@U =x. 
Proof of VIII, Letx =y Ozanda¥#Z,yX#Z,z#Z. Then 
Z@U V, 5]. 
U Z @:z |by 4]. 
(U @z) @U# Z |by 5). 
[(U@z@U) @y]@UFZZ. 
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{[(U @z @U) @y] @U}} @U belongs to K. 
«= {U@{[(U@z@U) @U}} @ U [Definition of 
= {{U@[(U@z@U) @U}} @U 
=U@{[(U@z@U) 
U @x =[(U @z) Wy [by 4, VII). 
U @2z = y (by 4, VII. 
a@y =2z@U (by 
(3) (x @y) @U = (2 @U) @U =z [by VII]. 
Z,then x = Z [by the definition of © |. 


@U is not a 


(4) fy = Zorz = 
If 2 =Z, then { 
clement [by (1)]. 
(5) Then y = Zorz = Z [by (2)]. 
(6) Then (a @y)@U =Z=2z. 
Statements (3) and (6) constitute the theorem, and all the steps taken 


Z, 2 =2 = Z [by (4) and (5)]. 


are reversible. 
Proof of 1X. This follows immediately from II and the definition of © . 


Proof of X. Letx =y Ozandy Z,2# Z, then 
Z=([(*@y) @ @z [by 

= @z) @ U] @y [by VI}. 
(1) Consequently x = z © y [by VIII, 5]. 
If y=Z or z2=Z, {U@{|(U@z@U) @y] @U}} @U is not a 

K-element, and by the definition of O,yOz=z0Oy=Z. 

This fact and (1) constitute the proof of X. 
Proof of XI. Supposex © y = Z. Then a = Zor 


y=(Z@2x)@U=U@U = Z [by VIII. 


The converse of this proposition follows from the definition of ©. 
Proof of XII. If x ® y does not belong to A, there are two distinct K- 


elements, u and v, such that 

(1) x=u~y=vw~y definition of @]. 
Then either u ~ y = Z or (u~ ~ (w~y) = Z|by XI, definition of ~ ]. 
Then eitheru ~ y = Zoru~v = Zory = Zor 


(u~v) ~(y~y) = Z [by 7]. 
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Ifm~n=Z,m =n,andifm =n¥ Z,m~n = Z|by definition of ~ |. 
v or y=Z. 
u or y=Z. 
(2) y= Z. 
Ify=Z,r=uOQU U [by 
(3) Then u = (u@U)@U = (w@U) @U = v [by VIL VIII, X). 
Statements (2) and (3) constitute the theorem. 
Proof of XIII. Ifx ®@x =x and x # Z, then x ~ x = x [by definitions 
of O, ~,and @}. 
(1) Thenzx = 270 =20Z =Z |by 
(2) = Z\|by XI and the definitions of ~ and of @]. 
Statements (1) and (2) constitute the theorem. 
Proof of XIV. Suppose z = uQx=uQy and wis a K-element other 
than Z. Then x = (2 @u) @U = y [by VIII]. 
Proof of XV. Suppose u = Oy) 
z#Z. Theny = (v@2z) @U and v = (u @2) @ U [by VIL, XI. 


y = {[(u@z) @U]@2z} @U 
= {[(w@z) @U] @2} @U VI. 


The steps already taken are reversible, and by retracing them after the 


interchange of x and z, it appears that Z,yA~ Z, 

(1) Oz2z=(2 Oy) Ox =20 (y Oz) [by XI. 
Ifx,y,orz = Z, by XI, 

(2) Oz). 

Statements (1) and (2) constitute the theorem. 

Proof of XVI. 

Lemma. 2x (u~v) =(2# Ou) ~ (2x Ov), if both sides belong to A, 
unless x = Z. 

Proof. Suppose Z,v#~Z. Letxr Ou=mandxOve=n. Then 
m#Z,n#Z |by XI]. Then = and v= 
[by VIII]. Hence =[(m@zxz) @m = [(m@m) 
[by VI] = U @x = v @ n [by VI, as before]. 

(1) Therefore vy @ u = n @ m [by 4]. 

rQ(u~v) @u)] [by definition of ~], 
(x (v@u) [by XV], 
m © (n @ m) [by (1)], 


= m ~ n|by definition of ~ }. 


(2) 
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(3) Ifuw = Z,m = Z, and neither x © (u ~ v) nor m ~ nisa A-element, 
hy the definition of ~ 
If Z, and v = Z, n=Z,sothatr O(ur~v) =mO(vr@u) 


las before], = m U =mO (n@m) 


1) = m ~ n [as before]. 


Statements (2), (3), and (4) constitute the lemma. 

lety =p. If pA Z,theny = p ~z[def. of ®, (1) of VIII]. Then 
Oy= (tO p) ~ O2) [by (2) and (4)]. 

(5) Oy) @ (a Oz) [by XII, def. of @]. 

If p = Z, there is no K-element q such that y = q ~ z [def. of @]. Then 
ifaw ~ Z there is no qg such that x O y = (4 © q) ~ (2 © 2z) [by the Lemma, 
XIV]. 

Thenz O Oy) (a © 2z) [by the def. of @]. 

(7) If x = Z, the theorem becomes, by XII, Z = Z @® Z, which is an 
immediate consequence of the definition of @ . 

Statements (5), (6), and (7) constitute the theorem. 

Proof of XVII. Suppose x ® y =u, ux Z. Then x = u ~ y (def. of 

dD}, =u (y @u) [def. of ~]. 

This proposition is equivalent to (2 @u) @ U = y @ u, or to [by VII, 
VII]; (y@u) @U = x @ u|by VII. 

Reversing our former reasoning, y = u ~ 2, and 
(1) u = y ®@ x [by def. of @, XII]. 

(2) Ife @y=Z,y Ox = Z |by def. of @, XII, (1)]. 

Statements (1) and (2) constitute the theorem. 

Proof of XVIIT. Letx @y @n=v 

Case I. Suppose x,y, 2, m,n, u, and v are all distinct from Z. Then 

=v~n,z = u~ m [by def. of @, XVII. 


x~z=(m~y)~(n~y) = (u~n) ~ (u~m) (def. of ~]. 
u~m=(vo~n) ~(m~n) [by XVII, defs. of @ and 
m [by 7, def. of ~ ]. 

(u~m) ~ (v~ m) [by def. of ~ ] 

(w~v) ~ (m ~ m) [by 7, def. of ~ ] 

u ~ v [by def. of ~ | 

u @ v [by def. of ~ , XI]. 

u [by 5]. 


(1) 
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Case ll. Letx,y,orz = Z. 
(2) a@®Z=Z@a=a|by XVII and the defs. of @ and ~]. 


(3) Combining this proposition with XVII, the proof is obvious. 

Case III. Let x,y, 2z,n,u, and v be all distinct from Z, and let m = Z. 
Then y=n~z,x =v~n,z=u~Z = u |by defs. of and ~; XVII. 

(4) Whatever p,x A p~y. Supposeu#v. Then 


i 
= (vu~n) ~ (u~u) [by def. of ~], 
= (v~u) ~ (n~u) [by 7], 
(5) =(v~u)~y. 


(6) Statements (5) and (4) contradict one another. Hence u = v. 

(7) Case IV. Similarly, if n alone is Z, u = v. 

(8) Case V. It follows from the cases already considered by XII and the 
definitions of ~ and @ that if vu = Z, vr = Z, and vice versa. 

Statements (1), (3), (6), (7), and (S) constitute the theorem. 

Proof of XIX. If a, 6, and x are distinct from Z and from one another, 


(a~x)~(b~ax) =(a~b) ~ (x ~ 2) [by 7], 
(a ~b) © U def. of ~, 
@U) @(a~b)|@U}} @U 
[def. of © ], 
(U@ {[U @ (a~ b)| @ U}} @U [def. of UJ, 
(a ~b) @ [U@U] @U}} @U [by 4, VI, 
(1) a ~ b [by VII]. 


(2) Then (a ~ x) ~a = (b~vx)~b [by 7]. Now, (a~ 27) ~a can 
never be expressed in the form u ~ x. For, suppose (a ~ a7) ~a=ur~e. 
Then (a~ x) ~u =a ~vx [by 7]. 


(3) a~x=(ar~x) (def. of ~]. 
But we have just seen in (1) how it can be shown that 
(4) (a~x)=(ar~x) OU. 
Hence, u @ (a ~ x) = U [(3), (4), X, XIV], = Z @ (a ~ a) [def. of U). 
=Z. 
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Since this contradicts V, 
(5) 
From (2) and (5) we conclude that, if x # Z, there is a unique term 
such that whatever u, 
(def. of 6, XII] 
Z=Z@Z \def. of U, ~, argument of (1)]. 

Statements (6) and (7) constitute the theorem, unless it is impossible for 
an a to be found distinct from Z anda. In this case K contains only Z and U. 
Ilere the same result may be obtained by a simple computation. 

Proof of XX. Let x and y be A-elements. Then either y = Z ory ~z 
is a K-element v [by IX, def. of ~ ]. 

(1) If y = Z, there is a K-element wu such that u @ x = w [by XIX]. 

(2) Ify# Z,sinceev Ox = y [by def. of XII]. 


PosTULATES 1-7 AND THE DEFINITION. OF A FIELD 
In the article already cited, Huntington gives the following reduced set of 
postulates for a field, the sufficiency of which he proves, but not their inde- 
pendence. 
. If a and b belong to A, a @ b belongs to kh. 
2 (a@b)@c=aG(b Se). 
3.a@b=b@a. 
. If aand b belong to K, a © b belongs to XK. 
5. (aOb)Oc=ad(bOc). 
. Eithera (b = (Aa Ob) @(a Oc), or 


(b@c)Oa=(bOa) @(eOa). 

8. Given a and b, there is an x such that a @ x = b. 

9. Given a and b, and a @ a # a, there is ay such that a © y = b. 

10. There are at least two elements in the class. 

That the postulates of Huntington are deducible from those of this paper 
will be seen at once from an inspection of the following table of correspondences. 
The figures beneath the line refer to Huntington’s postulates; those above, 
to the present article. 

Correspondsto XII XVIII XVII IX XV X XVI XX VII,X I 
] 2 3 4 5 6 7 8 9 10 


If for any elements a and b of Huntington’s class, we write a @ b for 1 — a/b, 
Huntington’s set implies set 1-7. 
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A SINGLE UNDEFINED NOTION FOR COMPLEX ALGEBRA 

The laws of complex algebra cannot be expressed entirely in terms of + 
and X. Huntington* has given a set of postulates for complex algebra in 
which the undefined notions are addition, multiplication, the class of al! 
complex numbers, the class of all real numbers, and the order of magnitude 
among real numbers. He has suggestedt how all these notions may be 
derived from that of the absolute value of the difference between two complex 
numbers, though he has given no set of postulates for this operation. Apart 
from this operation, which is rather unlike those on which we are accustomed 
to base sets of postulates in that it always results in a number of a very special 
sort—a real number, no single operation has been developed which may 
serve as the sole foundation of complex algebra. 

There are other such operations, however, and one of them is closely allied 
to the one taken for the fundamental notion of this set of postulates. This 
operation has already been employed to demonstrate the independence of 
postulate 7. Denoting a — ib, the conjugatet imaginary of a+ ib, by 
C (a+ ib), our operation, which we shall term x * y, is 


y 


We define Z, U, and multiplication in terms of *« in the same manner in 
which they have already been defined in terms of @. C(x) is defined as 


Ux[Ux(Ux«2)]. 


We say that x is real if r=C (x). Wedefine x /\ yas C(x * y), and addition 
is defined in terms of /, as previously in terms of @. If x and y are real, 
x is said to be larger than y when there is a A-element z, the product of a 
real by itself, which when added to y gives x. 

The formulation of a set of postulates for * is a very difficult matter. 
Postulates 1-6 of this paper may stand unchanged, but the properties of 
addition and of the series of reals are so intricate as not to lend themselves 
readily to independence proofs. In general, independence proofs that are 
satisfactory when addition and multiplication are assumed separately break 
down on more than one postulate when translated in terms of *. The 
system of * , though fundamentally the same as that of the familiar complex 
algebra, has a technique of its own of considerable difficulty. 
 *EL Vz Huntington, A set of postulates for ordinary complex algebra, these Transac- 
tions, vol. 6 (1905), pp. 209-229. 

t Ibid., note on p. 210. 

t This use of the conjugate was suggested to me by an unpublished paper of Sheffer. 

MASSACHUSETTS INSTITUTE OF TECHNOLOGY, 
June, 1919. 
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A THEOREM ON MODULAR COVARIANTS* 
BY 


OLIVE C. HAZLETT 


INTRODUCTION 


1. Statement of the problem. This paper answers a question which was 
raised over five years ago, but which has not been answered so far as I know. 
Miss Sanderson’s theoremt on the relation between formal and modular 
invariants for the Galois Field GF [ p"] of order p" enabled her to construct 
covariants of a system S of binary forms in x and y from invariants of this 
system S and an additional linear form. This is closely analogous to the 


situation in the theory of algebraic invariants. In the latter theory the 
converse also is known to be true—that is, we can form all covariants in this 
manner. In the case of modular invariants, however, we do not obtain all 
covariants in this way, for the universal covariant L = x?" y — ay®" can not 
he obtained as a modular invariant of a linear form, since it vanishes whenever 
v and y are in the field GF [ p"], as we suppose the coefficients of our forms 
to be. In the paper referred to above, Miss Sanderson raised the question 
as to whether all covariants of a system S can be expressed as polynomials 
in L and the modular invariants of the system S enlarged by a linear form. 
The present paper answers this question in the affirmative. 

2. Relation to the literature; definitions. [Formal invariants of a form un- 
der a group G of linear transformations modulo p, a prime, were first con- 
sidered by Hurwitz.t A few years later, Dickson§ introduced the notion of 
modular invariants of a form or system of forms. 

Consider a system of forms (a1, +++, 2m), (a1, and the 
group G of linear transformations where the coefficients of the transformations 
are marks of the GF [ p"]. A function of the coefficients of the forms having 
the invariantive property under this group is called a formal invariant if the 
coefficients of the forms are independent variables. If, on the other hand, 

* Presented to the Society, Dec. 28, 1918. 

+ Formal modular invariants with an application to binary modular covariants, these Trans - 
actions, vol. 14 (1913), pp. 489-500. 

t Ueber héhere Kongruenzen, Archiv der Mathematik und Physik, ser. 3, 
vol. 5 (1903), pp. 17-27. 

$ Invariants of binary forms under modular transformations, these Transactions, 


vol. 8 (1907), pp. 205-232. 
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the coefficients of the forms are indeterminates in the GF [ p"], such a function 
having the invariantive property is called a modular invariant. Every formal 
invariant is a modular invariant, but not every modular invariant is formally 
invariant. For, if a is any particular coefficient, a?” =a in the field and 
thus a?” — ais a modular invariant, but not a formal invariant. In a formal 
invariant, we can not replace a”” by a where a is a coefficient of one of the 
original forms. 

Similarly, we distinguish between formal covariants and modular covariants 
according as the coefficients of the forms of S are independent variables or 
indeterminates in the field. 

Dickson* has developed a simple and elegant theory of modular invariants. 
In this paper he proved the finiteness of modular invariants and later? the 
finiteness of modular covariants. But thus far no theory of formal invariants 
has been brought forth, though several writers (chiefly Dickson and Glenn) 
have found fundamental sets of covariants for special cases. 

There is, however, an intimate relation between the modular invariants of a 
system S of forms and the formal (modular) invariants. This is given in 
Miss Sanderson’s theorem mentioned in Article 1, namely, to any modular in- 
variant ¢ of a:system of forms under any group (@ of linear transformations 
with coefficients in the GF [ p"], there corresponds a formal invariant J under 
G such that / = i for all sets of values in the field of the coefficients of the 
system of forms. 

This theorem enabled her, as in the classical theory of algebraic invariants, 
to construct covariants of a system S of binary forms in x and y from invari- 
ants of the enlarged system S’, where S’ consists of the forms of S in the vari- 
ables € and », and an additional linear form whose coefficients are y and 


—w. As Miss Sandersonf{ points out in her thesis, the universal covariant 


L = x" y — xy” can not be obtained as a modular invariant of a linear 
form, since it vanishes whenever x and y are marks of the GF [ p"], as we sup- 
pose the coefficients of our forms to be. She then says, “‘ Whether or not all 
the (modular) covariants of a system of forms can be expressed as functions 
of this universal covariant and the (modular) invariants of this system and a 
linear form is a question as yet unanswered.” 

While reading Miss Sanderson’s paper recently, a method of proof of this 


*General theory of modular invariants, these Transactions, vol. 10 (1909), pp. 
123-158. 

+ Proof of the finiteness of modular covariants, these Transactions, vol. 14 (1913), 
pp. 299-310. 

t Dickson, On invariants and the theory of numbers, Madison Colloquium, pp. 41-53; In- 
variants in the theory of numbers, these Transactions, vol. 1 (1914), pp. 497-503. 
Glenn, Formal modular invariant theory of binary quantics, ibid., vol. 17 (1916), pp. 545-556; 
A fundamental system of formal covariants modulo 2 of the binary cubic, ibid., vol. 19 (1918), 
pp. 109-118. 
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theorem occurred to the writer, and then a proof of a generalization to the 
case of a system of forms in several cogredient binary variables. 

The chief interest of this theorem seems to be in the light it throws on the 
very difficult and, thus far, unsolved problem of formal covariants, since the 
theory of modular covariants is a stepping stone from the theory of modular 
invariants to the theory of formal covariants. For a modular invariant is an 
invariantive function of certain quantities which are all marks of the field; 
while a modular covariant is an invariantive function of certain sets of quan- 
tities all of which are in the field except one pair (i.e., the variables x and y); 
finally a formal covariant is an invariantive function of certain quantities of 
which all are independent variables. The present paper shows the relation 
between the theory of modular invariants and the theory of modular covari- 
ants; it shows a way of basing the theory of modular covariants on the theory 
of modular invariants, and thus may serve to suggest a way of basing the 
theory of formal covariants on the theory of modular covariants and hence 
in turn on the theory of modular invariants.* 


FUNDAMENTAL THEOREM 


3. Preliminary lemma. Consider a system S of binary forms in the vari- 
ables 2 and y with the coefficients ao, a,, bo, 61, ,¢0,¢1, There 
is one and only one modular invariant which is of degree = p" — 1 in each 
of the coefficients and which assumes the set of values 2; as the a’s, b’s, 
range over all sets of values a\?, ---, ---, in the 
field.t Dickson proves this theorem by applying his general theorem on 
interpolation in a finite field,t viz., within the GF [ p”], there exists one and 
but one polynomial ¢(21, --+, 2%) which has each exponent = p” — 1 and 
which takes prescribed values v,,, ..., x, for every set of elements x1, ---, a in 
the field. 

We may also prove the 

Lemma. If I is a modular invariant of the system S of forms and the linear 
form na — &y, then we can make I formally invariant as to — and n. 

This lemma is a special case of Miss Sanderson’s fundamental theorem al- 
ready referred to, but her theorem does not furnish a simple formula for 
constructing an invariant C which is congruent to J and which is formally 
invariant as to € and 7. 

Let d(a,b,c, ---;&,) = I bea modular invariant of weight w. There 
is no loss of generality in assuming that ¢ is pseudo-homogeneous in £ and 
n of degree d. (We shall say that a function f is pseudo-homogeneous of 

* In this connection see Dickson, Madison Colloquium, pp. 57-58. 

Dickson, these Transactions, vol. 10, p. 125. 

t Loe. cit., p. 124. 
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degree d if, when ~ and 7 are multiplied by p, any non-zero mark of the field, 
the function f is multiplied by p*; that is, the degrees of the different terms 
of f differ by integral multiples of p" — 1.) For, if @ is not pseudo-homo- 
geneous in £ and 7, it is the sum of a finite number of modular invariants 
which are pseudo-homogeneous in & and 7. 

First, we construct a function C which is homogeneous in the.independent 
variables € and 7, and such that C = J whenever é and 7 are in the field. 


Take II 

— 

Here > indicates the sum of all terms of the type indicated, as x, \ rang: 
over the pairs (— 1, 0), (0, 1), (8, 1), ---, (B*¥, 1), --- where @ is a 
primitive root of the GF [ p"|. Call these the pairs of the set ¢. Inside the 
bracket, I1’ indicates the product of all terms of the type indicated, as p, » 
range over all pairs of the set o except the pair «, \ occurring in the coefficient 
@(a,b,e,---;«,X) in that bracket. Notice that there are p” distinct 
factors in each II’. 

Now, when é and 7 are in the field, they are of the form «, \ or px, pA where 
«, \ is a pair of the set ¢. In the first case, we evidently have C = I; and 
similarly in the second case, since ¢ is pseudo-homogeneous in £ and 7 of 
degree d. 

Next, we wish to show that C is formally invariant as to £ and 7 under 
transformations of the group G. It will be sufficient to prove this for the 
generators of the group. 

The transformation 

an, 
=, 
of determinant unity, carries (£, 7) = (— 1, 0) into itself and interchanges 
the other pairs of the set a, and hence interchanges the factors vé — un. 
Also @(a’, b’, ce’, --+3 6’, M) = (a,b,c, ---;«,X), where (x’,X’) is in 
the set o if (x,X) is, and conversely. Hence C is formally invariant as to 
Under the transformation 


= §, 


of determinant unity, the pairs of the set o and the factors vE — un are trans- 
formed as follows:—the new (— 1,0) is the old (0,1), the new (0, 1) is 
the old (1,0) and the new (6*, 1) is the old (1, — 6*); while 7’ = é, 
= — and — BF = — BFL E — ( — ) nm]. Hence any one of 


s 
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the pairs of the set 7, say (x’, \’), is equal to (Ax, AX), where (xk, A) is a 
pair of the seta. Also, the corresponding product IT’ (»’ £’ — p’ 7’) is equal 
to Il’ (vE — un) multiplied by + 1 times a power of 8. Call this multiplier B. 
Hence TI’ — p’d’) = ABIT’ (vw — pA). But 
o(a’,b’, 6’, = o(a,b,c, --+; Ax, Ad) 
= A’ 
‘Therefore, under the transformation 7’, 
II’ & 
IT’ (vé — un)? 


where £ and 7 are independent variables. 
Similarly, it may be proved that, under the transformation 


(y + in the field ), 


( is formally invariant as to & and 7. 

Since the transformations T,, 7’, and T,, generate the group G, we see that 
(is a modular invariant of the system which is formally invariant as to 
fand 

4. Fundamental theorem for a pair of binary variables. Let A (a,b,c, 

; a, y) be a modular covariant of the system S of binary forms which is 
homogeneous of degree d in x and y. Let the original coefficients be ao, a, 
--+, bo, by, +++, Co, C1, **+. When we subject the variables x, y to the 
non-singular linear transformation with coefficients in the GF [ p"], 

x=aX+686Y, la 
(4) A =| #0, 

y= 7X + oY, iy 
let the coefficients of the transformed forms be respectively Ao, A1, -- 
By, By, «++, Co, Ci, +--+. Then if K is of weight w, 


(5) K(A,B,C, Y) -|* K(a, doe, 


If, now, x’, y’ and X’, Y’ are two pairs of variables so related that 
7’ = aX’ + BY’, 
y’ = yX' + bY’, 


ly 


(4’) 
then 


(5’) Y’) = K(a,b,c, 
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But if nx — gy is a linear form with coefficients which are independent vari- 
ables, and HY — ZY is its transform, then 


(6) 
or £, y and Z/A, H/A are two such pairs of variables. Thus 


H a wen 
K(4,B, 0, K (a,b,c, 
y 6 
Since K (a,b,c, ---;x2,y) is homogeneous in x and y of degree d, this 
equation is equivalent to 


(7) K(A,B,C,---;2,H) = 


That is, to every equation (5) where x and y are the variables of the system S 
of binary forms there corresponds an equation (7) where £ and 7 are inde- 
pendent variables and 7, — & are the coefficients of the linear form nx — fy. 
In particular, (7) holds whenever £, 7 and =, H are marks of the field so 
related that. (6) holds. Let A (a,b,c, ---;&, 7) become I(a,b,c, ---; 
£, 7) when and 7 are in the field. Then, by the foregoing, ](a, b,c, ---; 
£,m) is a modular invariant of the system S’ consisting of the forms of S 
together with the linear form nx — £y, which is of weight w + d. 

If 1(&, 7) is the same as A (£, 7), our theorem is proved for the covariant 
K. We shall, accordingly, consider the case where J] (£, 7) is not identically 
equal to A(£, 7). 

Let I be congruent to Ag(a,b,c,---) for 9 = 0. Then is 
the leader of A (x,y). Accordingly consider the function 


K'(&,) = Ao(a,b,e, + Ay(a,b,e, ---)& 
+ + Aa(a,b,c, 


where A,, do, «++, Ag are polynomials in a’s, b’s, c’s, --- to be determined. 
In order that this shall be an invariant of S’ which is formally invariant as 
to and Ao, Ai, Ag must satisfy certain relations.* What these 
relations are does not concern us here. We do know, however, that these 
relations are consistent for at least one set of coefficients Ao, ---, Ag. Ac- 
cordingly, let A,, Ae, ---, Aa be one set of polynomials satisfying these 
relations. Then K’ and K are both invariants of S’ of the same degree in 
£ and 7 which are congruent when 7 = 0. Hence K — K’ is such an invariant 
of S’ which vanishes for 7 = 0. Thus either K — K’ is identically zero in 


*O. E. Glenn, The formal modular invariant theory of binary quantics, these Trans- 
actions, vol. 17 (1916), p. 547 et seq. 
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< and 7, or 7 is a factor of K — K’. In the latter case, since K — K’ is an 
invariant which is homogeneous in £ and n, L(é,) = &" 9 — &y”" must 
be a factor of it. 

That is, any invariant K of S’ which is formally invariant as to £ and 7 is 
of the form 


K(é,9) = K’(E,n) + L(E, 7) Ko(é, 0) 


where Ko is a homogeneous polynomial in £ and 7 with coefficients in the 
field. Notice, moreover, that for all invariants of the same degree in £ and 7 
which are congruent to the same modular invariant J we can use the same 
invariant K’. Since A, K’, and L are invariants of S’ which are formally 
invariant as to — and 7, Ko will be an invariant of S’ which is formally in- 
variant as to £ and 7 and which ts of degree < d in £ and n. 

Hence every covariant K (2, y) of the system S is of the form K’ (2, y) 
+ L(x, y)Ko(2x, y) where K’ (2, y) is the same function for every covariant 
of a given order and with a given leader, and where Ko is a covariant of S of 
order < d. 

Now let 2(£, 7) denote a set of invariants K (é, 7) of S’ determined in 
the following manner. Consider any particular modular invariant I of S’ 
(all of whose exponents are = p” — 1) and the totality of all invariants K 
which are = J and which in addition are formally invariant as to — and 7. 
These invariants K (£, 7) will be of degrees, d, d + p" —1,d +2(p"™—1), 

-, d+q(p"—1), --- in & and 7 where d is a suitable positive 
integer. For each degree, choose one invariant K to put in the set >(é, 7). 
Do this for every I ¥ 0, and let (£, 7) denote the set of such invariants 
Kk (&, 7) and the invariant I which is identically zero. We shall use = (2, y) 
to denote this set of functions with £, 7 replaced by 2, y. The members of 
y) are covariants of S. 

Then, proceeding by induction, we see that every modular covariant of S 
is a polynomial in L = x?" y — zy?" whose coefficients are modular covariants 
of the set (2, y). Moreover, in view of the above argument, this expansion 
of any covariant K as a polynomial in L is unique for any given set >, though 
the covariants of the set = are not uniquely determinable. Thus we have 
proved 

TueoreM I. Let S be a system of binary forms in the variables x and y and 
let S’ be the system consisting of the forms of S (where the variables are now & and n) 
together with the linear from na — gy. Then every modular covariant of the 
system S is a polynomial in L with coefficients which are modular invariants of 
the system S’ chosen form the set >. 

This theorem has already been verified by Miss Sanderson* for some special 
sases including the binary quadratic, modulo 3. 


* Loc. cit., p. 491, 499. 
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Notice that in the proof of this theorem no use was made of the assumption 
as to the character of K except that it was formally invariant as to x and 
y—that is, no assumption was made as to whether or not K was formally 
invariant as to any or all sets of coefficients or a pair of variables cogredient 
with x and y. In short, we have the following 

Coroutiary. If K is the class of all modular concomitants of the system S 
which are formally invariant as to certain sets of coefficients and variables but not 
formally invariant as to x and y, then the theorem tells us how to construct all 
modular concomitants of S which are formally invariant as to x and y in addition 
to being formally invariant as to those sets of coefficients and variables with respect 
to which K is formally invariant. 

5. Generalization to m pairs of binary variables. Consider a system S of 
forms in the two pairs of binary variables x,, y; and 22, y2, and let K be a 
modular (mixed) concomitant of S under a group G of linear transformations 
with coefficients in the GF [ p"]. Let S’ be the system consisting of the forms 
of S (where x;, y; have been replaced by £, 71) together with the additional 
linear form /; = m, 2, — £141; and let S”’ be the system consisting of the 
forms of S together with the two additional forms /; and lz = m2 x2 — £ ye. 
By the theorem of § 4 in its extended form as given in the corollary, K is a 
polynomial in Ly = x?" y; — 2 y®” and those invariantive functions of x2, y2 
and of the coefficients of S’ which have been made formally invariant as to 
a, and y;. Applying the corollary to the modular covariants K’ of S’, we 


see that A is a polynomial in L,, Lz = x?” y2 — x2 y”” and the modular in- 


variants of S’’ which have been made formally invariant as to x1, y; and 2, y2. 
Proceeding by induction, we prove 
TueoremM II. Let S be a system of binary forms in the m pairs of variables 
(21,41), (te, (ams Ym). Let S™ be the system consisting of the 
forms of S (where now the variables are the &;, n;) together with the linear forms 
le = (@ =1,-+-,m). Then every modular mixed concomitant 
of S is a polynomial in the L; = x®" y; — x,y” (i = 1, +++, m) and in the 
modular invariants of S™ which have been made formally invariant as to the 
yi 
Mount Hotyoke 
Haptey, Mass. 
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